UPSKILL 3.2a

1() j-lde
=-10x+cC

(b) 0 dx

=0x+c¢C
=C

@)jdx

=1x+cC
=X+C

) jexdx

6x2
=—+¢C
2

= 3x%+¢
(e) I6x2 dx
3
—6 X |+c
=2x3+c

G)I§x4dx
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2(a) J'(5x4 +3x2 —4)dx

5x°  3x°
=——+———4x+cC
5 3

=x°+x3—4x+c

2 3 1
m)j(gx +Z;§jdx
:j(gx3+lx‘3de

5 4

2x* 1 x7?
=——+—| — |+C

20 4| -2
1

=2~ 4¢
10 gx2
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© J'E j dx

= j(3—4x_ +6x_3) dx

-1 -2
:3x—4X—+6(X—J+c

) I[u%-%}dx

=I(2+4x_2 ~ax 4

3(a) .[2x2(4x—6) dx

= J.(Bx3 —12x2)dx

8x 12x3
———+cC
4 3
=2x*—ax3 +c

(b) j (3x+2)(2x-1) dx

:I(6x2+x—2) dx

6x3 X2
=——+—-2X+C

3 2

2

:2x3+x——2x+c
2
© j (2-3%)2 dx

=j(4—12x+9x2) dx

12x%  9x®
=4x __+T+C

—4x—6X° +3x°+C
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_ (x +4x +4J

(x +4+4x" )

=X—+4x+
5

+C

X5

=—+4X———+¢C
5 3x3

o [ 4:2’(_4) dx

8 [XZX‘;GJ dx
:j(l—lsx—z) dx

16x7t

16
=X+—+C
X

=X—-

+C

3 2
© J'Sx —3X +4dx

X2

:I(3x—3+4x_2)dx
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UPSKILL 3.2b

1 () j(2x+1)4 dx
_(2x+l)5
- 502

(2x+1)°
10

+C

(b) I(z —x)3 dx

_ (=) +C
4(-1)
4
:_@H

© j 4(3x—2)5 dx

4(3x-2)°
6(3)

2 6
=—(3x-2)"+cC
9( )

1 3
) '[3[5 X —4J dx

+C

© j 2(3x-2)2 dx

_23x-27 o
-13)

2 1
=——(3x-2) " +c
5 (3x-2)

) I2(4—3x)_6 dx

2(4-3%)7
- —5(=3)

2 -5
=—(4-3x) " +cC
15( )
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2 (a) j ! dx

(3x—4)?
:I(3x—4)_2 dx

_(3x-4)71
TR
1

=— +C
3(3x—4)

+C

-2
b dx
) I (2x-3)*

j—2(2X—3)—4 dx

—2(2x-3)7° o
-3(2)
= —1 +C
3(2x—-3)°

3
(C) Jw dX
- j 3(4x—3)* dx
_3(4x-3)7°
- -34)
1

=— 3+C
4(4x—3)

5
@ I (4-3x)° o

- j 5(4-3%)73 dx

 5(4-3x)72
)
_ 5

6(4 —3x)>

3
© I 4(6-x)° o
_ I 36-0"
4

_3(6-x)"*
4(-4)(-1)

__ 3
16(6 - x)*

+C

+C
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2
f|——d
® -[3(4—2x)2 g

_ I 2(4-207" |
3
_2(4-297"
3(-D(-2)

=———+cC
3(4-2x)
UPSKILL 3.2c

1 W X2 (4x—3)
dx

y=I(4x3—3x2) dx

ax* 3x8
=———+C¢C
4 3

4 3

y=X"-x"+cC

Since the curve passes through the point

(2,5),thusx=2andy=5.
5-2%_234¢

c=-3

Hence, the equation of the curve is

y:x4—x3—3.

2 zy (2x—4)dx

y:I(Zx—4)dx
2x?

=———4x+cC

y 5 +

y:x2—4x+c

Since the curve passes through the point
(3,0),thusx=3andy=0.

0=32-4(3)+c

c=3

Hence, the equation of the curve is
y= X2 —4x+3.

3 ﬂ—£+1

112
y= j(zx +1) dx

y:

+X+C

2
y=——+X+C
X

Since the curve passes through the point
(1,8),thusx=1andy=8.
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8=—g+1+c
1

c=9
Hence, the equation of the curve is

y:—2+x+9.
X

4 gy :3x2(x+l)
dx

y=I3x2(x+1) dx

yz.[(sx3 +3x2) dx

Since the curve passes through the point
(1,2),thusx=1andy=2.

4
2= % +283+¢

1
C —_ —
4
Hence, the equation of the curve is
x5 1
y=—"—+x"+=.
4 4
dy 1
dx (2x-1)2

1
y:J'(2x—1)2
y= J.(Zx—l)‘2 dx

C(x-pt
O 12)
1
+C
2(2x-1)

Since the curve passes through the point
(2,1),thusx=2andy=1.
1

ErOE

+C

y=—

1=—1+c
6

C=—
6

Hence, the equation of the curve is
1 7

y=— +—.

2(2x-1) 6
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6 ﬂ:2x—4
dx

y:I(Zx—4) dx
y= x2 —4x+c
For minimum value,

Y

dx
2x—4=0

X=2

The minimum value is 3.
This means that the value of y=3.
3=22-42)+c

c=7

Hence, the equation of the curve is
y= X2 —4x+7 .

UPSKILL 3.3a

1(a) I; (2x3—2x—1) dx

2 2
3 1?_%_{(_1)3 (_;) _
_11
2 2
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5

(©) .[02 (3x—1)(x2+1) dx

= .[02 (3x‘°’+3x—x2 —1) dx

2
Xt 3¢ X8
4 2 3

32 37 20
4 2 3
~131
3

2-0

23342
(d) L o x

=j12(3+ 2x‘3)dx

=[3x+£:l 2
-2 1
1 2

=|:3X—X—2}1

=3(2)—i2—(3—1)
2

_15
4

(e) IOZ x(x+3)(x=3) dx
= _[02 x(x2 —9) dx
:J-OZ ( 3—9x) dx

2
|9
4 2

0
2t 9@
4 2
=-14
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Il
1
‘-b
>
w
|
S
3
+
x
=k
||
| [l
iR

) I 02 (2x+1)3 dx

2

[ ex+n* ]

L 4(2) 10
[ ex+1)* ]
| 8

L 40
5t 1
8 8
=78
11

(h) L P dx

1
j_l B-x)"2 dx
5]

2 |,

1 1

- |:2(3—x)2} .
_ 11

2(3-1)% 2(3+1)?
11
8 32
_3
32
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6

3 -2
3
_3_2L_i2
. 3 x7,
2 5 1 2
—302)-2@P-=—|3-21
(2 3() 2 ( 3 j
_5 4
12 3
-1
12

6
2 (a) jz 5f(x) dx

:5J'26f(x) dx

=5(4)
=20

©) [ 5 1] ox

:jfs dx—j; f(x) dx

= [5x]$ -4
= 5(6-2)—4
=16

EXCEL Additional Mathematics SPM



© j; f(x) dx

=—I6f(x) dx
2
=4

3 4 6
(d) Lf(x) dx+J.3f(x) dx+.[4f(x) dx

:jef(x) dx
2
=4

3(a) I:f(x) dx —j: f(x) dx
_ 4 7
_J'2 f(x) dx +J'4 f(x) dx

=6+8
=14

®) [ lot+2x]
= '[27 a(x) dx+J‘27 2x dx
=6+8+ [xz];

=14+ 72-22
=59

(c) '[53 f(x) dx +I47 2g(x) dx

= —3j24 f(x) dx+2L7 g(x) dx

= _3(6) +2(8)
=2

@ [ low+iodax=10
j:g(x) dx+j24kxdx=1o
6+;[x2]g=10
2[42—22]2:4

x12 =

N | =X

wlin B

K =
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X
4 —
y= X+4

dy _ (x+4)@)—x()
A (x+4)?
dy 4
dx  (x+4)

[Shown]

4
:-[(x+4)2

[]3 J.z s 4) dx

3
3
{L} Sy e Lo
X+4 |, 2 (x+4)

[l
2 (x+4) X+4
44
7 6
_8
S 21
5 y:%X
dy _ G=x)@)-x(-1)
dx (5-x)?
dy 5
o (5—x)2 [Shown]

5
= d
Y J’(5—x)2 ”
5
LR-50 2
IE’;dX:i[LT
1 2(5-x)? 10[5-x];

_i(é_lj
10l2 4

1
8

EXCEL Additional Mathematics SPM



dy _

6 =41 ()
y:4jf(x) dx
iyzjf(x)dx
[ 100 ax=:

1 3x2—1

"4

1 3(2)2 1 3(1) -1
Y

_E[E_

4l 2

_!

8

UPSKILL 3.3b

1 (a) Area of the shaded region
4
= d
-1 y X

- I_41 (L+ X)(4 - x) dx

= ) 4—x+4x—x2 ) dx
[ )

= ) 4+3x—x% | dx
[ larax-x?)
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oo o3

|
oo|8:',
|
|
—
°’|o.)
N—

20E units?
6

(b) Area of the shaded region

Jf £X+x£J dx
jf (x+2x2) ax

(5]
Zo(y)]

= 51 units?
3

(c) Area of the shaded region

? d
= X
_1y

= 3 units?

2 (a) Area of the shaded region

.[22 y dx

fz (x+2)(x—2) dx

J'_ZZ (x2 —4) dx

EXCEL Additional Mathematics SPM



:10g units?
3

(b) Area of the shaded region

|

e 3
= IO (x—3)3 dx
]

an |,

RE

:8—1 units?
4

3@ y=x(x+2)(x-1)
=x(x2+x—2)

=x3 4+ x2-2x

Avrea of the shaded region
=[5 (x3+x2 72x) dx + | I (x3+x2 —2x) dx |

0
3+1—1—o
4 3

= 3i units?
12

(b) y=x(1+x)(4-x)
y= x(4+3x—x2)

y =4X +3x%-x3

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

Avrea of the shaded region
:|191 (4X+3X2—X3) dX| + J.:(4X+3X27X3) dx

0 4

4 4

—||2x? e x3- 2 Hlax2ed- X
4 _1 4 0

1 4*
=[0-|2-1-=||+2(16)+64-"—-0
4 4
= 3 +32
= 32E units?
4

(c) Area of the shaded region

=.[3 (3+2x—x2)dx + r (3+2x—x2)dx
0 3

3 4
3 3
= 3x+x2—x— + 3x+x2—x—
3 3

0 3

—9+9-9+ 3(4)+42—%{3(3)+32—£”
3 3
=9+ Q—g‘
3

:9+Z

3
:111 units?

3

4 (a) Area of the shaded region

3
:[y3+2y]_1
=27+6 —(-1-2)
= 36 units?
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(b) Area of the shaded region
3
= Io x dy

_[32
=] v’@-ydy

:js By?-y) ay

= 6§ units?
4

5 (a) Area of the shaded region

= I_Sl x dy

_ _9_5‘
3
= _103‘
3
= 10E units?
3
(b) x=y(y+)(y-1
x:y(y2 —1)
x=(°-y)

Area of the shaded region
0 (3
- (v-y) ay-
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10

6 (@) (i) y=—x+4 (D)

y:4+3x—x2 ... (2)
Substitute (1) into (2) :

—X+4=4+3x—X?

x2—4x=0
X(x—4)=0
x=0 or x=4

At the turning point, x=0,
y=-0+4=4

At the turning point, x = 4,
y=-4+4=0

Thus, the coordinates of the points P
and Q are (0, 4) and (4, 0) respectively.

(ii) Area of the shaded region

= (Area under the curve from x = 0 to x
= 4) — (Area of the triangle from x = 0
tox =4)

4 2 1
= f (4+3x—x)dx — =x4x4
0 2

4
2 3

J|axs XX g
2 3

43

_ S 4
=a(@)+ (@7 -2 -8

3

= 10g units?
3

(b) (i) y=21 )

y=10x-x>  ...(2)
21=10x — x°

x2-10x+21=0

(x=3)(x=7)=0

x=3or x=7

Thus, the coordinates of the points P
and Q are (3, 21) and (7, 21)
respectively.

(if) Area of the shaded region
= (Area under the curve from x =3 to

x =7) — (Area of the rectangle from
x=3tox=7)

= JZ (10x—x2) dx—(4x21)

7
3
- {sz —%} 84
3

3 3
_ {5(7)2 _% —[5(3)2 —%H 84
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=(%—3ej—84
3
= 10g units?

3

© @) x=9 ...(D
y2=4x ... (2)
Substitute (1) into (2) :
y2=4(9) =36
y=16
Thus, the coordinates of the points
P and Q are (9, 6) and (9, -6)
respectively.

(ii) Area of the shaded region
= (Area of the rectangle from
y =-6toy =6)— (Area between
the curve and the y-axis fromy =
—-6toy=6)
6 y2
=12x9 j oW

6
3
=108 | L

—6

2]

=108 - (18 + 18)
= 72 units?

d) (i) y=4x+1 .. (D
y=x°+5 (2
Substitute (2) into (1) :
X2 +5=4x+1
X2 —4x+4=0
(x=2)(x-2)=0
X=2
From (1): y=4(2)+1=9
Thus, the coordinates of point Q are

(2,9).

y=4x+1

At the y-axis, x = 0.
y=40)+1=1

Thus, the coordinates of point P are
(0, 1).

(ii) Area of the shaded region
= (Area under the curve from x = 0
to x = 2) — (Area of trapezium
fromx=0tox=2)

= [ b +5)-Zarox2

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

11

2
3
= [X—+5x} ~10
3
0

:§+10—1O
3

:§ units?
3

7@ (@) y=x+3...(1)
y=2x>...(2)
Substitute (2) into (1) :

2x% =x+3
2x? —x-3=0

x=E or x=-1
2

x=g is not accepted.
sox=-1
From(1): y=-1+3=2

Thus, the coordinates of point Q
are (-1 2).

y=X+3

At the x-axis, y = 0.

y=X+3

0=x+3

X=-3

Thus, the coordinates of point P are
(-3, 0).

(ii) Area of the shaded region
= (Area of the triangle from x = -3 to
x =-1) + (Area under the curve
fromx=-1tox=0)

0
:1x2><2+j 2x2 dx
2 1

(b) (i) y=—-x+6 (1)
2x=(y-2)*" (2)

Substitute (1) into (2) :
2X = (-X+6-2)?
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(i)

9 Area of the shaded region =

Io

2x:(—x+4)2

2x=x2 -8x+16

x? —10x+16=0
(x=2)(x-8)=0
Xx=2 or x=8

x =8 is not accepted.
SX=2

From(1): y=-2+6=4
Thus, the coordinates of point Q are
(2,4).

X+y=6
At the y-axis, x = 0.
0+y=6
y=6
Thus, the coordinates of point P are
(0,6).

Area of the shaded region

= (Area between the curve and the
y-axis fromy=2toy=4) +
(Area of the triangle fromy = 4
toy =16)

2
= I4 _(y—2) dy + 1><2><2
2 2 2
[o-271",
2(3)(M)

=%(23—0)+2

2

=E units?
3

8 Area of the shaded region = 81
k
Jo

k
j 4x3 dx =81
0

y dx =81

[x4]g =81

k*-0=81

k=3

w|

x dy =

1
3

2
dxZE
3

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

12

k3-8
k=2
10 Area of the shaded region

:jj[(-2x2+6x) ~ (2 -3x)] ax

:jj (—3x2+9x) dx

3
2
{39_}
2
0
=[_33+9x32—0)
2

= 13l units?
2

11 Area of the shaded region
:J‘: [(x3—x) - (x2 —l)] dx

:J'fl ( 3—x2—x+1) dx

UPSKILL 3.3c

1 (a) Generated volume
4.2
—ﬁjl y< dx

= 7Z'J‘14 (;jz dx
= 72'-“14 1—2 dx

4
:ﬁj 16x 2 dx
1
4
16x7t
=TT
-1
1

{200

=127 units®
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(b) Generated volume (e) Generated volume

2 3 2
3 - 2
=7rj —(x+g) dx - ”-[0 [(X 2) ] dx
1 X
3
3 5
:77,'J‘ (x2+4+4x’2)dx =7 (x=2)
1 51)
_x3 4x71 ’ 0
=7 —+4X+—— = 7 l—(—g)
|3 -1 5 | 5
(3 ks 38 1 units?
=7| —+4x—— 5
3 x|,
_ 4 (1 (f) Generated volume
_7z_9+12 2 [3+4 4)} _ﬁj% y? dx
59 1) 1 1)
=7 ——= = 4x—=| dx
3 i)
58 .
== 7 units’ =x[1 [16x2 -8+ x7?) dx
2
- 1
() Generzated volurge 0 16;3 _8X+X__j
2 - 1
=7Z'J._1 (4—X ) - 2
r 1
2 2 4 16x3 1
= 6-8 d = —8x——
ﬂj_l(l X“ +X ) X 3 x|s

. 3 3
= =7 units? i
=§7r units?
(d) Generated volume
= ”IZ (XZ _3’()2 dx 2 (a) Generated volume
° 2
2 z”j X2 dy
=7rj (X4—6X3+9X2)dx 0
0 .
2
_ ) ) y
=7 x_5_£+ﬁ _”.[o [TJ dy
5 4 3
L ) J‘Z y4 d
_X5 3X4 2 =z 0 16 y
3
=7 ————+3X )
5 2 y5
: 0 ~ 7| 16(5)
_ 5| 32_3U6) +3(8)—0} 0
> 2 32
32 =7 %_0
=? units?
= 3,[ units®
5
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(b) Generated volume
12
—ﬂjo X< dy

:ﬂj; [(y—l)z]z dy

=7f o (y-1)* dy

(c) Generated volume
L2
—7Z'IO X< dy

:ﬁj-;(yz —2y)2 dy

2
:ﬁfo (y4—4y3+4y2)dy
2
5 3
=7 y__y4+4i
5 3 0

_32 16,32 g
5 3

= E;z units®
15

(d) Generated volume
2 2
= njl X< dy

2 y4
=z ] (%]dv
- 2
5
_Iy
180:'
L 1

r 2

2 1

= 7[ R
180 180

1

= ﬂ7z units®

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

(e) Generated volume
9
=x[, O-y)dy

9
2
y
= 9 —_——_—
0
= 7[(81—%)
2

= ﬁﬁ units®
2

(f) Generated volume
_ (%2
—7Z'J.O X< dy

:ﬂjs [—(y—3)2]2 dy

=ﬂf03[(y—3)4]dy
=,{(y—3)13
50 |,

]

=&ﬂ' units®
5

3 Generated volume = 7
koo o _
ﬂfl yedx =«

I k(_—'ZXHJZ dx =1

1 2

.[k M dx=1
1 4

k
J' (2x+1) dx=4
1

k
[x2+x]1 =4
k?+k-(1+1) =4
k?+k-6=0
(k+3)(k—2)=0
k=-—2or k=2

k =-2 is not accepted because k has

to be positive.
k=2

14 EXCEL Additional Mathematics SPM



4G dvol _9 Generated volume
enerated volume = 92 d = (Volume generated by the curve from x =
4 _ 4
ﬂJ‘ 2 dy = % . 2 to x = 6) — (Volume generated by y_g
k fromx=2tox=6)
| “amy)ay=2 5 (8’
K ) =7z —| dx — (Volume of cylinder
y)ay dx — (Volume of cylind
2 X
4
y? 9 . . 4 .
4y_7 :E generated with a radius of 3 units and a
k height of 4 units)
2 2 6
aay- 2 K22 - ﬂj 64x2 dx — zr2h
2 2 2 2
k? 9 loaxt]® (4}
8—4k+7—§=0 =T 1 _”[gJ (4)
16-8k+k2-9=0 -
K2 _8k+7=0 . _E} L84
k-7)k-1)=0 L X1, 9
k=7 or k=1 64 ( 64)] 64
k =7 is not accepted because k < 4. =7 —g—[—7j 9
~k=1 -
64 64
=—n——7
5 Generated volume =2 3 9
k 128 -3
7[-“ X2 dy :272_ —Tﬂ' units
2
k( ) 7() y=6x—x2
—2)dy=2
Iz y d ﬂzG—Zx
K dx
y2 ) ) At maximum point,
2 YT d_g
2 dx
2 6-2x=0
k?—ZK—(Z— )=2 X=3
2
k__2k+2:2 At the turning point x=3,
2 2
=6(3)—-3“ =9
k?—4k =0 y=60)
k(k—4)=0 Thus, the coordinates of the maximum
k=0 or k=4 point are Q(3, 9).
k =0 is not accepted.
k=4 (b) Generated volume
= (Volume of the cylinder generated by
6 8 the straight line y = 9 from x =0 to x
y= X = 3) — (Volume generated by the

At the turning point, y =% )
4_8

3 X
4x =24

X=6

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021 15

curve fromx =0to x = 3)

= 7zr2h—7zJ.03 (6x—x2)2 dx

= 7z(9)2(3) —ﬁjj (36x2 —12x3 + x4) dx
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8

3

36x° 12x* X°
3 4 5

:2437r—7{———+—
0

5
= 2437 - 7{12(3)3 -303)*+ % - oj

=243ﬂ—%7l’

:@ﬂ units®
5

4
y=— .. (D
X
y=-2x+6 ... (2)
Substitute (1) into (2) :
i=—2x+6
X
4=-2x% 1+ 6x
2x% —6x+4=0
x° —3x+2=0
(x-D(x-2)=0
x=1lor x=2

At the turning point, x=1, y=—=4

[N

At the turning point, x=2, y=—=2

2
Thus, the points of intersection between
the straight line and the curve are (1, 4)
and (2, 2).

The straight line y =-2x+6 intersects
the x-axis at (3, 0).

(Volume generated by the curve from x
=11to x =2) + (Volume of the cone
generated by the straight line from x = 2
tox=3)

5 2
= nI (ij dx+l7rr2h
1 \X 3

=;;'[12 fiox2) dX+%7Z’(2)2(3—2)

16 16 4
=|-—+—|r+-7
SR

=87z+£7r
3

= éﬂ' units®
3
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9 Generated volume
= (Volume of the cone generated by the

straight line fromx=0tox =2) —
(Volume generated by the curve from x =
ltox=2)

2
zr?h - ﬂj y2 dx
1

Wik wlk

7;(1)2(2)—412 (x—1) dx

== units®
6

10@y=3x+6 ...(1)

y=16-x2... (2)

3X+6=16— x>

x2 +3x-10=0
(x=2)(x+5)=0
x=2or x=-5
x =-5 is not accepted.
SX=2
At the turning point, x=2,y=3(2) +6
=12
Thus, the coordinates of point P are
(2,12).

(b) The straight line y = 3x + 6 intersects

the y-axis at (0, 6).
The curve y = 16 — x? intersects the x-
axis at (4, 0).

Avrea of the shaded region

= (Area under the straight line from x
=0to x = 2) + (Area under the
curve fromx =2tox =4)

- %(6+12)(2)+J'24 fi6-x2) dx

3 4
—18+|16x——
3 2

3 3
:18{16(4)—%—[(16)(2) —%ﬂ

:18+%_@

3 3

- units?
3
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(c) The y-intercept of the curve 2 (a) Sphere with a radius of 7 cm

y=16—x2 is 16.
(b) Volume of sphere
7
Generated volume = 7z'J- x2 dy
16 , -
= ﬁj X< dy 7
12 =7TJ. (49—)/2) dy
16 -7
= I z(16—y)dy - 377
12 y
, 16 =7 49y—?:| :
=7Z[16y—y?:l i B
3 o
12 = 2 a9(7)-L - (49)(—7)—ﬂ
162 122 3 3
=r|16(16) —— |- 7| 16(12) —— -
2 2 686 686
= ——| ——
3 3
=1287 - 1207 1
=8 units® = 45757[ cm?
UPSKILL 3.4

Summative Practice 3

1(a) 3—122(14—0 1 I(t+%j[t_1j dt

At the turning point, T is a maximum, t
ar _, = j(tz—indt
dt t

1 (k2 -2
S 4-1=0 —I(t -t )dt
t=14 3 1
=—-——+C
2T 1 . 3 -1
———=—=(Negative
dt? y (Negetive) _t
Thus, T is a maximum. T3t
drT 1
b) — ==(14-t A+x)-x)
®) G =20 2 IX—4°'X
1
T=—j 14-t) dt 2
> 14-t) :J'l i( o
1 £2 X
T==|14t—-— |+cC _ -4 2
2[ ZJ —I(x —-X )dx
Given that T = 25 at the turning point Cx xt
where t =8, =5 *t¢
, -3 -1
25=1 14(8)—8— +C :—i+l+c
2 2 e x
25=40+c
c=-15 3 I 10 ~d
1 t2 (5-2y)
Thus, T ==| 14t —— |-15
2 2 = J'10(5—2y)’3dy
At the turning point where t = 14, the B
i lue of T (5-2y)?
maximum value o - 10 T +c
2 — —
_ 5[14(1@_%}15 5
=———+¢C
=34 2(5-2y)°
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3
d
I @+ 2x)4 §

= j 3(1+2x) 74 dx

-3(2)

= —%(1+ 2x)_3 +C

But the given integral is k(1+2x)" +c.

By comparison, k =—% and n=-3.

d
5 [f0]=49(9
f(x)=4.|.g(x) dx

jg(x) dx:%[f(x)]Jrc

6 (a) J'j h(x) dx = —I;h(x) dx
-4

(b) .[272h(x) o|x—j27 pdx=6

2(4) - plx]5 =6
8-p(7-2)=6
8-5p=6
-Sp=-2

p:

(G RN

7 (a) ﬂ: kx—5
dx

y:j(kx—s) dx
kx2

=—-bx+cC
Y=

The curve passes through the point
(1,-1),thusx= landy=-1.
—1:5—5+c
2
-2=k-10+2c
k+2c=8 ...(1)

The curve passes through the point
(0,3),thusx=0andy =3.
kx?
y= > 5x+cC
3=0-0+c
c=3
From(1): k+2(3)=8=k=2
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(b) ﬂ =2x-5
dx

y:I(Zx—S) dx

y:x2—5x+h

The curve passes through the point (0, 3),
thusx=0andy = 3.

3=0-0+h

h=3

Thus, y=x2 —5x+3

8(a) ﬂ:2x+k
dx

y:I2x+k

y:x2+kx+c

The turning point is (1, 4).

Y _owy+k=0
X

d
k=-2

(b) The curve passes through the point (1, 4),
thusx=1landy=4.

y=x2—2x+c
4=12-2(0) +c
c=5

Thus, the curve intersects the y-axis at
the point (0, 5).

9 Gradient of normal =

—2X
Gradient of tangent = —(3—-2x) .
gy =-3+2X
dx

y:I(—3+ 2X) dx

y=—3x+x2+c

The curve passes through the point (3, 4),
thusx =3 andy = 4.

4=-3Q3)+3%+c

c=4

Hence , the equation of the curve is
y=-3X+ X2 +4.

10 (a) Gradient of tangent
2-0

4-2

1

dy
b Y_q
(b) i
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1
—x+p=1
> p

1

Z@)+p=1

S@+p
p=-1

ﬂzlx—l
dx 2

yzf[%x—lj dx

y—1 ﬁ —X+C
2| 2

y—lxz—x+c
4

(©)

The curve passes through the point
(4,2),thusx=4andy=2.

1 .2
2==—(4)"-4+c
4()

2=4-4+c
c=2
Hence, the equation of the curve is

1.2
=—X"—-Xx+2.
y 4

11 (a) The equation of the normal is
X+2y—-5=0.
X+2y—-5=0

2y =—x+5
5

2772

Since the gradient of the normal is

—% , thus the gradient of the tangent

is 2.

y= (—x 2+3)dx
-1
y= +3X+C
y=1+3x+c
X

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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The curve passes through the point
(1,2),thusx=1andy=2.

y:l+3x+c
X

2:%+3(1)+c

c=-2
Hence, the equation of the curve is

y:1+3x—2.
X

12 (a) Y _oxra
dx

y:I(2x+4)dx

y:x2+4x+c

Given y =7 atthe turning point, x =1,
7=12+4(1)+c

c=2

The equation of the curve is
y=x2+4x+2.

(b) y=x2+4x+2

ﬂ:2x+4
dx

d2

G 3/+(x—1)ﬂ+ y+3=0
dx

dx
X2(2) + (X —1)(2X+4) + X* + 4x+2+3=0
2%% +2X% +2X =4+ X + 4X+5=0

5x% +6x+1=0

(5x+1)(x+1)=0

x:—l or-1
5

13 (a) Y 532 sy
dx

y:I(3x2—4x) dx

y= x3-2x%+c
The curve passes through the point
(-1, -2), thusx=-1andy =-2.
—2=(-1%-2(-)%+c
—2=-1-2+c

c=1
Hence, the equation of the curve is
y= X3 —2x2 +1.
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(b) y=x3-2x%+1

ﬂ =3x% —4x
dx

—J —6x-4

At the turning points,
a_y
dx
3x? —4x =0
X(3x—4)=0

x=0 or x:ﬂ
3

At the turning point, x = 0,
y=02-2(0)2+1=1

Hence, (0, 1) is a turning point.
d2y .
— = 6(0) —4 =-2 (negative)
dx

Hence, (0, 1) is a maximum.

At the turning point, x :% .

3 2
3 3 27

Hence, i,—i is a turning point.
3 27

d2y

d_2 =6 (fj —4 =4 (positive)
X

3

4 5. ..
Hence, | —, —— | IS a minimum
3 27

point.

14 (a) y:6x—x2
At the turning point where x = 2,
y=6(2)—2%=8
Q:G—Zx =6-2(2)=2
dx
Hence, the equation of the tangent is
y—8=2(x-2)
y—-8=2x-4
y=2x+4

(b) At the turning point, x=0, y=4
At the turning point, x=6,
y=2(6)+4=16
Avrea of the shaded region
= (Area of the trapezium from x =0 to
X = 6) — (Area under the curve from
x=0tox=6)
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%(4+16) (6)—_[;5 (Gx—xz)dx

6
3
60—[3x2 —X—l
3
0
3
= 60—[3(6)2 —%}

= 60— (108 -72)
=60-36
=24 units?

15 (a) At the x-axis,y =0

y=27-(x-2)
0=27-(x-2)3
(x-2)°% =27
X—2=3
X=5
Thus, P is point (5, 0).

(b) Area of the shaded region

= J.; [27—(x—2)3]dx

_ 4 5
= |a7x =2 }

aw |,

- 27(5)-%-[27(0)—%}]

_@_[_Ej
4 4

1
[
=)
=
w

[N}

16 y=2x .. (D)

y=6x-x> ...(2)

Substitute (1) into (2) :
2X = 6X—X°
X2 —6X+2x=0
X2 —4x=0
x(x—4)=0
x=0 or4

At the turning point, x =0,

=0 0
At the turning point, x =4,y =2

< <

(4)=8

Thus, the points of intersection between
the straight line y =2x and the curve

y=6X— x2 are (0, 0) and (4, 8).

EXCEL Additional Mathematics SPM



Avrea of the shaded region B

= (Area of triangle fromx =0to x = 4)
+ (Area under of curve from x = 4 to x
= 6)

= (%x4><8j + If(Gx—xz)dx

r 6
3

=16+ SXZ—X—}
3

L 4

_ 2 6% (L2 4
= 16+| 3(6)* - (3(4) 3}]

=16+ 36—@}
L 3
=16+§
3

=7—6 units?
3

Area under of curve fromx=0tox=6

= jos (bx-2) ax

6
= [3x2 —X—j
3
0

63
=3(6)°——-0
(©)" 3

=36 units?

Avrea of the shaded region A
= 36_7_6
3

=32 units?
3

Area of shaded region A : Area of shaded
region B
_ Areaof region A

Area of region B

6

32
3

76
3

8

19
8 :19 [Shown]

17 (a) Area of region A
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(b)

18 (a)

(b)

= LZ 8x2 dx

=—4+8
= 4 units?

Area of region B = Area of region C

5
I P 8x 2 dx = J. 8x 2 dx
2 p

_§+4=_§+§

p S p

16_28

p 5

5
=—x16

P=28"

6

:2—

P 7
y=(x—1)2: x2 —2x+1
Q:ZX—Z
dx

At the point P(3, 4),
m:ﬂ:2(3)—2:4

dx
Equation of the tangent is
y—4=4(x-3)
y—4=4x-12
y=4x-8

At point Q (x-axis),
y=4x-8
0=4x-8

4x =8
X=2

Thus, Q is point (2, 0).

Avrea of the shaded region

= (Area under the curve from x = 1 to x
= 3) — (Area of triangle from x = 2 to
x=3)
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3 At the turning point, x =0, y=-0+5=5
= [ ox-nax - 1ixa ng po! y=o
1 2 At the turning point, x=1, y=-1+5=4

373 Thus, the points of intersection between
| x=DT the curve and the straight line are (0, 5)
31 1 and (1, 4).

B i_ 0_2 Area of the shaded region
- = (Area under the curve fromx =0to x =

2 1) + (Area of triangle fromx =1tox =
— 142
=3 unit 5)

1
= | (@ -2x+5) dx + 1u(5-1)xa
19 (a) y=x3—3x+c 0 2

1
d 3
Z =3¢ -3 = l:x——x2+5x} +8
dx 3
At the minimum point P, 0
Y _o :(1—1+5j+8
dx 3
2_o_
X -3=0 = 37 Units?
3x?=3 3
2
x“=1 21 x-3 ()

x=1 V2 4(x+1) ... (2)

Thus, P is point (1, 0).
P .0 Substitute (1) into (2) :

Substitute x = 1 and y =0 into y? =4(3+1) =16
y:x3—3x+c. y=4
0=13 _3M)+c Thus, B is point (3, 4) and A is point (0, 4).
c=2 2
y© =4(x+1)
(b) Area of the shaded region At the y-axis, x = 0.
1 2 _
=j (x3—3x+2) dx y©=4(0+1)
0 y=2
4 2 1 Thus, the curve intersects the y-axis at (0,
X" 3x
= ——-"—+2X 2).
4 2 0

Avrea of the shaded region

==——+2-0
4 2 =
_3 unit?
4 =
20 y=-x+5 (D)
y=x2_2x+5 ... (2) { }
Substitute (2) into (1) : 12 )
X2 —2X+5=-x+5 43 53
2 =——-4-| —-2
X -x=0 12 [12 J
X(x-1)=0
x=0 or x=1 e
3 3
The straight line y =—x+5 intersects _8 uniits?

the x-axis at (5, 0).
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22 (a) Point (k, 3) lies on the straight line
y=5-x.
Thus, 3=5-k = k=2.

(b) The straight line y =5—x intersects
the y-axis at (0, 5).

The curve y = (1—X)(x—5) intersects

the x-axis (1, 0) and (5, 0).

Avrea of the shaded region

= (Area of trapezium from x = 0 to x
= 2) — Area under the curve from x
=1ltox=2)
1 2

= =(5+3)(2) - dx
5(6+3)2) L y

=8 J'z (1- x)(x—5) dx

S

= 8—J.12 (—x2+6x—5) dx

3
:8{—)(—+3x2 —5Xi|
3

B 28 ) 1
_8{—?+3(2) —5(2)—(—§+3—5ﬂ

2

1

= 19 units?
3

23 Area of the shaded region

= J-: [(—x2+2x+7)—(x2+2x—l) ]dx

= J.Z (72x2+8)dx

-2

2

=|:—E+8x}

3 -2
2 e (2 g
—|: 3 +8(2) ( 3( 2)° +8( Z)H
_g_(_§]
-3 3
= 21l units?

3

24 y:x(x—Z):xz—Zx
y2 =(x2 —2x) 2= (x4 —4x° +4x2)

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

Generated volume

= EJ.OS y2 dx

= ”J-OS (x4 —ax® +4x2) dx

- 3
x>  4x4 4x3}
=g ——
0

5 4 3
- 3
x° 4 4x3
=7 ——X"+——
5 3

5
= %—34+36—Oj

= 7[(% -81+ 36}

= Eﬂ' units®
5

25 Generated volume

= 7Z'J.j-2 X2 dy

7Z'J.j-2 (y2 +4)2 dy

”_Ez (y4 +8y2 +16) dy

1
5 3
=7 y—+8L+16y

5 3 »

=7 1+§+16— —£+§(—8)—32
5 3 5 3

_ [283 [ 896
— 7[ —_—— _——
|15 15

ﬁﬂ' units®
5

26 Generated volume
5, d
= X
P j X dy

= ”Jj (25— yz)dy
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[250 142) 1 (128)
= —— =—7| —
3 3 47\ 3

=36 7 units® 32 .

2?7[ units

27 (a) Generated volume
4
=7r_[ 2 dy (b) Generited volume
2
= X< d
ﬂjo y

[f@-yay
=7 —
0 =7rIOZ (16—4y2) dy

514
= ﬂI:4y—y?} ay3 2
0 =7r|:16y—%}
= 7(16 -8-0) 0
=87 units® _”[32_%J
3
(b) The curve intersects the x-axis at the 64
points (-2, 0) and (2, 0). =37 units®
Generated volume
:2”.[2 y2 d 29 y=3Jx-1
2— —
0 y? =9(x-1)
2 2 ey =
_ 2 At the x-axis,y =0
—ZHI (4—x) dx )
0 0% =9(x-1)
2
— 27" [6—8x2 +x*) dx x=1
o, bo-c )
83 8 2 Generatedvolume:gn units®
= 271 16X ——+ — ) 2
0 7Z'J y2 dX=g7Z'
8(2)° 2° . 2
=2716(2)———+—-0 k
7{ @==3%% J L 9(x—1) dx=%
64 32 k
=27 32-—+>2-0 1
”( 375 ] 0 ax=-
_S12  nits? k
—Eﬂ' units ﬁ_x _ 1
2 2
28 (a) The curve intersects the x-axis at L
(2, 0) and the y-axis at the point (0, 5). E—k _(l_ j_l
2 2 ) 2
Generated volume 2 11
o FR
0
2 k?
4 16—x —-k=0
) :
k?2-2k=0
4
:sz (16 x2)ax K(k—2)=0
4 Jo K2
1 37
X
=Zﬂ[16x—?} 30 Generated volume =27
0

k
2 gy —
EJ-—S x“dy= 2«

= 17r[16(4) —4—3—0} K
4 3 Lg(y+3) dy=2
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k
2
y
—+3 =2
-3
2
LS A
2 2
k2 +6k—(9-18)=4
k?+6k+5=0
(k+1)k +5)=0
k=-5o0or k=-1

k =-5 is not accepted.
~k=-1

31 (a) y=x ...(1)
X2 +7y? =16 ... (2)

Substitute (1) into (2) :
(3y)2 + 7y2 =16
16y% =16
y?=1
y=+1

y =-1 is not accepted.
sy=1

From (1) :
D)=x=>x=3

Thus, A is point (3, 1).

X2 +7y? =16
At the x-axis, y = 0.
x> +7(0)° =16
X=4
Thus, B is point (4, 0).

(b) x2 +7y2 =16

2 _16-x2
7

Generated volume

= (Volume of cone generated by the
straight line fromx=0to x = 3) +
Volume generated by the curve from
x=3tox=4)

_1 o 4 2
= 37rl’ h+;r_|.3 y< dx

2
_ %;;(1)(3)+ﬂj'34(16_x de

7
4
3
=7r+17r 16x— 2
7 3

3

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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= 7Z'+£7Z'|:16(4) - %—[48—£H
7 3 3

et S (i-2
7 3

3
111
=r+-|—= |7
7(3J

= 27[ units®
21
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