UPSKILL 2.1a

2
1(a) lim (“ +“J
n—0 n

— lim (M)

n—0 n
= lim (n+1)

n—0
=0+1

=1

. n? — 49
0 m [ 7]

im ((n +7)(n- 7)]

n—7 n-7
=1lim (n+7)
n—7
=7+7
=14

2
© i (n+_n—2]
n—l n-1

_im ( (n+2)(n —1)]

n—1 n-1
=lim (n+2)
n-l
=1+2
=3

2
(d) lim (”2‘—”‘2}
n—>2{ n“-5n+6
im [0 2)(n+1)
n—»2\ (n=3)(n-2)
— im (n_”j
n—»2\n-3
2+1

"2-3
=-3
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UPSKILL 2.1b

1) y=x>-2..(1)

y+5y=(x+ox)* -2

y+35y =x2+2x5x+(6x) =2 ... (2)
@-1):
Sy = 2x5x+(5x)?

ﬁ:2x+5x
oX

(b) y=x>+x-6 ... (1)
y+5Yy = (X+6%) +x+5x—6
y+35y=x2+2x5x+(6XP +x+5x-6 ... (2)
()= (1) 1 & = 2xK+(5X)%+5x

ﬂ:2x+5x+1
OX

dx x>0 5X

Y _ i (2x+6x+1)
dx ox—0

ﬂ =2x+0+1
dx

ﬂ =2x+1
dx

2 (a) y=§ .. (D)

y+Sy= Q)

X+OX

-@):

_ 3x-3(x+0x)

C (x+ox)
-35X

(x+6x)

oy -3

5% (x+6x)?

sy
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N im [QJ
dx x>0 5X

dy . -3
—==lm ———
dx 0 (x+5x)
ﬂ -3

dx  (x+0)2

dy -3

dx )(2

®  y=—y ()

y+oy = -2

(x+oxf

@) -1):
5 5

(x+65x)? X2
5x° —5[(x+5x)21
X2 (x+5x)?
5x° —5[X2 +2x5x+(5x)2]
x2(x+65x)?
5x% —5x2 —10x5x —5(5x)?
x2(x+5x)?
~10x3X —5(5x)?
x2(x+5x)?
oy _ —10x-556x
OX  x%(x+6x)

N _m [9Y
dx x>0 5X

dy . —10x -5
Y fm | X 0X
dx  ox-0( x3(x+6x)

&=

&=

&=

& =

dy -10x-5(0)
dx  x2(x+0)?
dy —10x

o P(cf

dy -10

a3
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UPSKILL 2.2a

1(@) y=24

2(a) i(XG -3x° +5) = 6x° —9x>
dx

) (1452 16] =23 46t
dx {2
dl.3 .0 .. P
() d—j(5j3—412—3j)=1512—8j—3

3 3

3 () F)=3x*+>+—
X X
3 6
f'(X)=6Xx————
X2 X3
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(b) F(x)=2x+2-2
X X3
fr0=2-2

X X4

4 (@) s=(t-1)(2t+5)

s=2t2+3t-5
ds

— =4t+3
dt

(b) s=(2t—5)? = 4t> —20t + 25
ds

—=8t-20
dt

) s=3t>(t-2)°
s=3t2(t2—4t+4)

s=3t% —12t3 +12t2

95 _ 13 36t2 4 241
dt

2

2 2 4
d)s=(t-2| =t? -4+~
@ ( tj t2
ds 8
ki, P
dt t3

22-9 9

5@) v= =2t——
@ " "

ﬂ:2+i
dt t2

2
t2 +6t-12 6 12
by ver o0 =gy 22
(b) 2 -
dv__6,24
dt t2 t3
C(t+D(2-3t) _ 2-t-3t?
©v= 2 ST 2
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1(@)

UPSKILL 2.2b

y= 2x3(2—x5) = 4x° - 2x8

Y 1242 _16x7
dx

() y=(6+x2)5-3%)

(©

(d)

= 30-18x+5x% —3x°3
Y _ 942 10x_18
dx
y= (5x2 —4)(3—x)
= 15x% —5x3 —12+ 4x

Y _ 1542 +30x+4
dx

y= (x4 +1)(x3 - 2x)

= x" —2x5 +x% - 2x

ﬂ =7x% —10x* +3x2 -2
dx

(e) y=(2x-1) (x2 +3x—2)

% = (2x-1)(2x+3)+ (x2 +3x—2)(2)

=4X% +4X—3+2x% +6x—4
= 6x% +10x—7

M y= (2x2 +1)(3x2 +x—4)

% = (262 +1)(6x+1) + (3x% + X~ 4)(4)

=12x3 +2x2 4 6x+1+
12x3 + 4x2% —16x
= 24x3 +6x% —10x+1

NS
X X

_2.3,2 4
X X X
dy_ 6.3 4
dx X4 X2 X3

(h)y

=(2x2 +x3)(x—§j

=2x3 —4x+ x4 —2x?

ﬂ=6x2 —4+4x3 —4x

dx
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2@ f(x)= x(x2 +4x—3)
=x3 +4x% - 3x
f'(x) =3x% +8x-3
(b) ' (x)=0

3x2 +8x-3=0

x=1 or -3
3

5x
3(a) yzm

dy 5(x+3)-5x
X (x+3)2
_ 5X+15-5x
T (x+3)2
15
(x+3)2
6x>
(b) y=1¢
dy  (x=5)12x)-6x?
d  (x-5)?
12x% — 60X — 6x°
(x-5)°
_ 6x2—60x
 (x-5)?

2x-5
©y= 2X+3
dy  (2x+3)(2)-(2x-5)(2)
dx (2x+3)2
_ 4Ax+6-4x+10
- (2x+3)2
16
(2x+3)2

x? -5
@ y="—3
dy  (x+3)(2x) - (x* -5)
d (x+3)?
_2x2+6x—x2+5
- (x+3)2
_x2+6x+5
C (x+3)?
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4x?
7-x?
dy  (7-x%)(8x) -4x*(-2x)
dx (7_ Xz)z
_ 56x—8x° +8x°
o (7-x?)?
_ 96x
(7-x%)?

() y=

X2

0 y=——

dy _ (¢* -5)(2x) - (x*)(2x)

o e

-5
_ —10x
f-ef
3x*
@ y=——
9-—x
dy  (9-x*)a2x®) -3x*(-2x)
dx (9_X2)2
~108x3 —12x° +6x°
9-x%)?
~108x3 —6x°
(9-x%)?
2
X< —2X
() y==
X< +3x
dy _ (< +30(@x—2)— (x2 — 2x)(2x +3)
o (x;2 +3x)Z

_ 2x3 = 2x% + 6X° — 6X — [Zx3 +3x% — 4x% —6x

(x2 + 3x)2

— 2x3 +4x% —6x— [Zx3 —x? —6x]

(x2 + 3x)2
_ 5x2

e
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4@) f(x)=

X2 +5
£ 0= (X +5)(-1) - (2 x)(2x)
x2+5)2

B —x% —5-4x+2x?
- (x2+5)2

B X2 —4x-5

(2 +5)2

() f'(x)=0
X% —4x-5=0
x=5o0or -1

5() y=(4x+7)°

g_y = 5(4x +7)*(4) = 20(4x + 7)*
X

@) y=(6-f

dy_ y2\3(_ _ _y2y3
PG x?)*(~2x) =-8x(6-x?)

6
(c) y=(%x3—9j

d x3 ° X3 °
Y _q X 9 (xz): 6x2[ X 9
dx 3 3

d) y= (x2 +5x—3)3
Y _ 32 4 5x -3 (2x+5)

dx
2 -1
6(a) 5= 7 =26t+1)
ds
—=-2(5t+1 5
" Gt+1)7%(5)
10
(5t+1)2

(b) s=- _3(2 4T

%:—3@%4} (21)
I
ot

(€) s=
C) S= (t _2)3

22
ds 30t

e —15( 2 2T (2t) = (tz_— 2)4
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(d) s_m_(ztz_uﬁ3
% L) T

E: -12t+3
dt (2t2—t+2)4

7@ y= x2(x +l)4

zy =2 (@)(x+D3Q) + (x+D*(2%)

= 2x(x+1)3[2x+(x+1)]
= 2x(x+1)3(3x +1)
(b)y = (2x+1) (x+3)°
%:(2x+1)(3)(x+3)2+ (x+3°%@)
— (x+3)%[6x+3+2(x+3)]
=(x+3)%(8x+9)

©y= (x+2)*@2x-3)°
Y _ x+24@)@x-32(2) +
dx
(2x-3°@)(x+2)°
% = 6(x +2)4(2x— 3)? + 4(2x~ 33 (x + 2)°

% = 2(x+2)3@x—3)2[B(x + 2) + 2(2x 3]
dy 310y 2
&—2(x+2) (2x-3) [7x]

Y =14x(x + 2)3(2x - 3)2
dx

8(a) f(x)=x@-x)*
f1(0) =x@E-x)°D +E-x*
f'(x)=—4x(3-x)% + (3-x)*
f'(x)=(B-x)%[-4x+3-x]
f'(x) = (3-x)3(3-5x)
(b) fr(x)=0
(3-x)°[3-5x]=0

x=3 or E
5
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9(a) y = (b) y=(t-1? =22t +1

X< +1 dy _ 2t
dy _ (x2 +1)(—1) ~(3=%)(2x) dt
dx 2
X +1 (o t?_1
dy _ (— x? —1)—(6x+ 2x%) dx o
dx (x2 +1)2 dat
dy _ (— X —1)— 6x — 2x° dy
dx (x2+1)2 dy g _2t-2_t-1
dy —3x%-6x-1 d  dx 2t t
d_ =T 7., v dt
X (x2 +1)2
(3x+1)° 11 (a) y=3t2
(b) y=
2x+1 dy 6t
dy _ (2x+D)E)Ex+1)*@3) - (3x+1)°(2) dt
- 2
o (2x+1) X=2t+1
dy _ 9@x+1)(3x+1)* —2(3x+1)° dx
dx (2x+1)? dt
2 —
%:(3“1) [18x+922(3x+1)] N
X (2x+1) t—X__l
dy _ (3x +1)2(12x+7) T2
> @y d b 6t 1
Yy _ dt X —
oAt _gt-g =
© y-2t dt - ox 2 [ 2 j
(X2 +3)2 dt
dy (x2 +3)2(2)—(2x—1)(2)(x2 +3)(2x) 14 1 . ,
dx 213 (0) y=Zu"=76x-2)"= 2(5x-2)'(5)
dy _ 20 +3)® +3- 2x(2x-1)] =10(5x—2)’

dx (x2 + 3)‘I

2 UPSKILL 2.3
dy _ 2!—3x +2x+3!

dx (x2+3)3 1(a) y:2x3+4x2—6x—3
3 Y _6x2 +8x—-6
10 (a) y=t"-2t dx
2
Y g2 Y _1ox48
dx dx?
2X+5_ _ 5
x=t2+3t (o) y= " _2+;
%:ZHS dy 5
dt dx 2
2
dy _d y:E
dy _dr _3°-2 x? X8
dx dx 2t+3
dt
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3x

c =

©y X+3
dy _ (x+3)(3) —3x()
dx (x+3)?
dy__ 9
dx  (x+3)2
dzy _3 18
—2 - —18(x+3) P =—
dx? 69 (x+3)°

(d) y=(2x+1) (3x2—2):6x3—4x+3x2—2
d

Y _18x2—4+6x
dx
2
d—;/:36x+6
dx

(e) y= (2x+1)5

= 9(x+3)7

% =5(2x+1)*(2) =10(2x +1)*
X

2
d_;’ = 402x+1)3(2) =80(2x + 1)°
dx
3 2
2 (@) f(x)=x"—6x"+9x+2
f(x)=3x%—12x+9
f'(x)=6x-12

0 F00=x2-2
X

f'(x)=2x+£2
X

4
fr)=2-—
(0=2-—;
() f(x):ﬁ = (3x+4)7?
f'(x)=—(3x+4)72(3)
£ (x)=6(3x+4)3(3) = 18 -
(3x+4)
f100 (Bx+1)(4)— 24x(3)
(3x+1)
_ (3le) = 4@x+D) 2
£ (x) = —8(3x+1)3(3) = —— 22 -
(3x+1)
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2
(e) f(X)=(2X+%j = 4x2+4+x—2

fr(x) =8x—2x"°

f"(x)=8+6x—“:8+i
X4

UPSKILL 2.4a

1@ y= (x2 +3)3
Y _ 32 +32(2%)
dx

ﬂ = 6x(x2 +3)2
dx
m= 6(—1)[(—1)2 +3]2 = 96

x2 +3
b)y= 4x +1
dy  (4x+1)(2x) - (x* +3)(4)
dx (4x+1)2
dy  8x?+2x—4x*-12
d (4x+1)?
dy _ 42 +2x—12
dx  (4x+1)>2

m=_—12=—12
12

(c) y:(9—x3)(1+ x2): 9+9x2 —x3-x°

Y _ 18y 3x% _5x4
dx

m=18(2) - 3(2)? —5(2)* = -56

(d) ——=X"+X
2
ﬂ: 2 _ox73
dx
dy 1 2
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X—2 g

e y=—- 4 y=fx+=
x+1 X2
dy (x+)-(x-2)_ 3 The curve passes through the point (2, 5).
dx (x+1)? (x+1)? 521+
3 3.1 2

m= === _
217 93 20=8f+g ... (1)

d 2
2y:hx2+kx d_izf__g
The curve passes through the point )2(
17 1= f_29
_,_ . 23
4 8 g
2 1=f-=
SOER 4
8 4 4 4=4f-g ...(2)
7 1 1
§=hﬁ+k2 1) +(2): 24=12f
f=2
14=h+4k ...(1) . .
Substitute f =2 into (2):
4=4(2)-
ﬂthx+k _ @-g
dx g=4
4:2h(1j+k
4 UPSKILL 2.4b
8=h+2k ... (2)
1 =3x%-2x-5
L)-@): 2k=6 (&) y=3x" —2x
k=3 m=% _ex_2
dx
Substitute k =3 into (2) : m=6(2)-2=10
8=h+2(3) The equation of the tangent is
h=2 y—3=10(x-2)
y=10x—20+3
3y=214bx y:10x—;7
X
The curve passes through the point (2, 7). (0) y= X+X_2
a
7=+ m:j_izl_%
14=a+4b ... (1) X
6
m=1-—=-5
dy _-a ., 1
ax x_2 + The equation of the tangent is
5 _a y—4=-5(x-1)
E=2_2+b y=-5x+5+4
10=—a+4b...(2) y=-5x+9
(1) +(2): 24 =8b 2 Whenx =4, y = x> -8x? +14x

b=3 y=4%-8(4)2 +14(4) = -8

Substitute b =3 into (1) : 3 2
14-a+403) y =X~ —8x° +14x

a=2 m=Y _32 16114
dx
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m=3(4)2 -16(4) +14 =2
The equation of the tangent is
Y~ (-8)=-2(x~4)
y+8=-2x+8
y =—-2X

_ 34X

y 3-2x

4 3+X

3-2X

12—-8x=3+Xx
9=9x
x=1

o B=290)-@+x)(-2)

dx (3—2x)?
3-2X+2(3+X)
m=s————>—
(3—-2x)
3—-2X+6+2x
m=—""""7
(3-2x)
9
m=—-"—
(3—2x)
9
When x=1,m= 7=
B-2)
(1,4),m=9
The equation of the tangent is
y—-4=9(x-1)
y—4=9x-9
y=9x-5

4 (a) yzéx3 —%xz -3x-9

m:ﬂ:xz—x—3
dx

When x=6, m=6%-6-3=27
Gradient of normal = _Zi
The equation of the normal is
1
—27=——(x-6
y o (x=6)

27y—729=—-x+6
27y =—x+735

(b) y:2x+§
X
Ay, 8

m= =
dx )(2
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m=2-

8
(-1)2

-6

Gradient of normal = %

The equation of the normal is
1
Y= (-10) == (x=(-1)

6y+60=x+1
6y =x-59

y=3or -3

The required points are (2, 3) or (-2, -3).

6 y=2x2—x+5

m:ﬂ:4x—1
dx

m=4(1)-1=3

The equation of the tangent is
y—-6=3(x-1)
y=3x+3

Gradient of perpendicular line = —% .

4x—1:—1
3

4x:E
3

X =

1
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7 The gradient of the line 10y =x+5 is % .
Thus, the gradient of the tangent is —10.
y= 3x% +hx+k

ﬂ:6x+h
dx

~10 =6(-2) +h
h=2

The curve passes through the point (-2,9) .

y:3x2+2x+k
9=3(-2)% +2(-2) +k
9=12-4+k
k=1
8 The gradient of the line y=4x—-2 is 4.

Gradient of normal is 7

y=(2x-3?

e

Thus, the gradient of the tangent is 4.
y= (2x—3)2
dy =2(2x-3)(2) =4
dx
8x-12=4
X=2
Whenx=2, y=(2x2-3)% =1
The required point is (1, 2).
The equation of the normal is
1
-1=-=(x-2
y 4( )

4y —4=—-x+2
4y =—X+6

9 (a) Gradient of tangent = 18-2 =
7+1

dx
2Xx—-4=2
Xx=3

Whenx=3,y= 32-4(3)-3=-6

m

The coordinates of point R are (3, —6).
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(b) Gradient of normal = —%
The equation of the normal is

V- (-6)=-Z(x-3

2y+12=—-x+3
2y =—x-9
UPSKILL 2.4c

1(a) y=3x2—x3
ﬂ=6x—3x2
dx

2

d—zyza—ex

dx

At the turning points,
d_g
dx

6x—3x2 =0

3x(2-x)=0

x=0o0r x=2

When x =0,
y=3(0)>-(0)°=0

Thus, (0, 0) is a turning point.

d2y _ .

— = 6—6(0) = 6 (positive)

dx
Hence, the minimum point is (0, 0).

When x = 2,
y=302)°-(2)° =4
Thus, (2, 4) is a turning point.

2
d—;’ —6-6(2) =6 (negative)
dx
Hence, (2, 4) is a maximum point.
(b) y=4x +2
X
dy _4 92
dx X2
d’y_18
dx?>  x°

At the turning points,
dy

2 -0
dx
4- % =0
X
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Hence, (E, 12] iS @ minimum point.

When x:—g,
2

y4(gj+(j%j12

2
2
d°y 18 16

dx2 333 3
-

(—g, —12] is @ maximum point.

(negative)

© y=4-x2 -2
X
ﬂ=—2x+%
X X
d’y_, %
dx? x*

At the turning points,
Y _g
dx
—2X+ % =0
X
32 _

X3

x* =16
X=12

2X

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

11

When x=2,
y=4-22 —%
2
y=-4
Hence, (2, —4) is a turning point.

At the turning points,

@ _,
dx
—2x+£:0

X3

2 _

X3

x* =16
X==2

2X

When x =2,
y=4-22 _16
22

(2, —4) is a turning point.

2
d_g/ = —2—9—46 =-8 (negative)
dx 2
Hence, (2, —4) is a maximum point.

When x = -2,

y=4—(-2)% - =4
(-2)
(=2, —4) is a turning point.
2
d_;/ =-2 _i4 =-8 (negative)
dx (-2)
Hence, (-2, —4) is a maximum point.

(@ y=x(x-3)?
y= x(x2 —-6x+9)
y= x3 —6x2 +9x

Y _ 342 1949
dx

2
d—g’zsx—lz
dx

At the turning points,
ay_g
dx
3x2-12x+9=0
X2 —4x+3=0
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(x=3)(x-1) =0
x=3 or x=1

When x = 3,

y=3(3-3)%2 =0
Thus, (3, 0) is a turning point.
d2y o
— = 6(3)—12 =6 (positive)

dx
Hence, (3, 0) is @ minimum point.

When x=1,
y=W0a-3)°=4
Hence, (1, 4) is a turning point.
2
d—;’ —6(1)~12= —6 (negative)
dx
Hence, (1, 4) is a maximum point.

(e) y= x3 +3x% —9x—1

ﬂ:3x2+6x—9
dx

d2y
—2:6X+6

dx
At the turning points,
dy_,
dx
3x% +6x-9=0
X2 +2x-3=0
(x+3)(x-1) =0
x=-3or x=1

When x=-3,
y=(-3)%+3(-3)%-9(-3)-1=26
Thus, (-3, 26) is a turning point.
%y _
dx? -
Hence, (-3, 26) is a maximum point.

6(—3)+6=-12 (negative)

When x=1, y=1+3-9-1=-6
Thus, (1, —6) is a turning point.
d2y o

Wi 6+6 =12 (positive)

dx

Hence, (1, —6) is a minimum point.

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

2 (a) y=hx2+L

(b) y=x*+=

2
X
The curve passes through the point (1, 17).
17=h+k ... (1)

ﬂ:th—%
dx X3
-30=2h-2k
-15=h-k ... (2)

1) +(2):2h=2
h=1

From (1) :
17 =1+k
k=16

16
X2

At the turning points,
Y _g
dx
2X —%: 0
X
2X :2

X3

x* =16
X=12

When x = 2,
16 _

_ 52
y=2 +22 8

Thus, (2, 8) is a turning point.
2
d_;/ = 2+9—§ =8 (positive)
dx 2
Hence, (2, 8) is a minimum point.
When x = -2,
16
y= (_ 2)2 + 2 =
(-2)
Thus, (-2, 8) is a turning point.
2
d_;/ =2+ 964 =8 (positive)
dx (-2)
Hence, (-2, 8) is a minimum point.

8
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UPSKILL 2.4d

ycm

Jmmm e == ke

2x cm

3xcm

Let the height of the cuboid =y cm
4(3x) +4(2x)+ 4y = 200
3X+2x+y =50
y =50-5x

V = (3x)(2x)(y)

V= 6x2y

V =6x°(50-5x)

V =30x%(10—x) [Shown]
V =300x2 —30x°

9V _ 600x—90x2 =0
dx

30x(20 —3x) =0

20
X=—
3
2 3
20 20
Vimaxi =300 — | —-30| —
maximum ( 3 j ( 3 J
40000
= cm
9
2
: hm
xm

Xxm

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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-t
X
A =2x% + 4hx
A:2x2+4x[i2j
X
A:2x2+%
X
%=4X—2
dx x2
When —A=4x—% =0,
X X
3—§=4x
X
x3 =8
X=2
h:%: %:2
X 2
E ycm
xcm
3x cm

A=2[3x2 J+ 2xy+ 2(3xy) = 1274 cm?
6x2 +8xy =1274

y 1274-6x°
8xX
P=4(3x)+4x+4y
P =16x+4y
2
p =16x+4[MJ
8x
2
o 160s £1274—6x J
2X
a2
pzlﬁh[mj
X

P :16x+(g—3x)
X
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P= 13X+@

P _ 637 _

Prinimum =13(7) + g =182 cm

4 (a) LetAB=DC=ycm

P=2y+27zr=120
y+7zr=60
y=60-7r
L= 2ry—7rr2
L =2r(60—7r)—rzr?
L =120r —37r? [Shown]

(b) dc =120-67r=0
dr

671 =120
_120
T 6r
20
T
d L

=-67 [<0]
dr?

Thus, the value of L is a maximum.

5(a) V=96 cm?
1
3 (4x)(3x)(y) =96
6x%y =96
96

- 6x2

, 16
2
= (4x)(3x)+3xy + 4xy +5xy

A=12x° +12xy

A=12x2 +12x[£j
X2

A=12%2 + 192 [Shown]
X

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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(b)—_24 x-192_g
X2

%:2“
X
3

Il
N 0

X
h

3x=3(2)=6 cm

6(a) V =xr’h=192r

p-122
:

A=rr?+2zrh+27r?

A= 372’!’ + 27”{192)
r.2

A=37r2+ 27{192j
r

A=3zxr +”(38 j[Shown]
r

38471 _

r2

(b) % =6rr—
dr

6rr=———

Amaximum = 377(4) +7T[324j

= 487 +967
=144 cm?
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xm xm

ycm

A
s

2xm

(@) Perimeter=6m
2y +2X+7rX=6

2y =6-2X—7X
_6-2x—-7X
2

A = Area of rectangle + Area of

semicircle

1 5
=2XY+—7xX
y 2

=2){6—2x—7zxj L1
2 2

=6X—2x% —7Xx° +%7zx2

= 6x—2x2 —%nxz

(b) gA =6—4X— X
dx
When A has a stationary value,
dA
—=0
dx
6—-4x—nx=0
4X+ 72X =6
(4+7)x=6
6

A4z

d?A
dx?
Hence, A is a maximum.

=—-4— 7 (negative)

Hence, when the surface area of the
window is a maximum, the width of

the window
=2X

DY R
443142

=1680 m

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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UPSKILL 2.4e

1 A=rxr?

— =2rr
dr

d_A:%xﬂ = 27(4)x05 =47 cm?s?t
dt dr dt

2(@)V =%7ﬂ’3

d—V:47zr2
dr
a _dv odr_ 4 x2.0s
dt dr dt
= 47(4)?x05
=327 cm’?
(b) A=4xr?
%:87”
dr
OA_dA dr_ 87(4)x0.5=167 cm?s™*
dt dr dt

3 V = ar?h = 7(30)%h = 9007h

d—V =900x
dh
dh_dn ov
d dv dt
= 1 x90
9007
:i cmst
10~

4 V =6n? +%7zh3

N 12+ ah?
dh

dh_dh dv
dt  dv  dt
1
127h — 7h?
~ 1
127(2) - (2)?
1
207

3

x3

x3
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3
=—— cms?t

207 8 in
5 Let the area of AABC =L cm? 16 4
1 . 4 h
L=>(x)(3 150° r=—h=—
2(x)( X) sin 1 2
2
L=32(1 Lol s
Y zrch
2 \2 3 374 48
=32 v _1 2
4 dh 16
&3, d_ dh dv
dx 2 dt dv  dt
1
dL_dL_dx _ 1%
at dxdt @
1 cms?
= EXX(OS) - 272.
3
UPSKILL 2.4e
3
:ZX4
= 3 om?s 1y=2x3-8x%+11
A Y _ 6x? _16x
6V=—nr dx
3
dr dx
~ (6x? ~16x)x0.02
ar_dr dv = (6(2)2 —16(2))x 0.02
dt dv dt
1 =-0.16
= x107 The value of y decreases.
4ar?
= ! 2><107r 2 y=4x—E
47(4) X
— > -1 ﬂ:4+£
=% cms ™ 2
7@V =x 5y:ﬂx5x—(4+£j (2+k-2)
dV 2 dx X
dX =3x 6 11
5y=£4+—)><k: —k
2
v _dv, o =3(5)? x(~2)=-150 cm®st 2 2
dt dx dt
(b) A=6x> 3 A=xr?
IA 1ok 9A
dX dr
dA dA dx

i d =12(5)x(-2) =-120 cm?s? dA
t oo 8A = ox = 22(5)% 009)= 0.3 7 o’
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4 v=1m2n
3
1
V==m“(5
S0
V:Eﬂr2
3
av _10
dr 3
é\/:d—vxﬁr
dr
=%7ZI’><(315 3)

= %72(3) x(3.15-3)

=157 cm?®

5 V =ar?h
V = z(4)%h
V =167h

_av
dh

=1672x0.25

=47 cm?

NV xoh

6V :ﬂﬂr3
3

dV = 4ar?
dr

N :d—vx&‘
dr
= 4% x(-0.2)
= 47(10)2 x (- 0.2)
=80x cm?

7 A=6x2
dA

=12x
dx

dA

=X 3 =12x(-0.0) =-1.2(6)
X

=-7.2 cm?

5
8 y=—
3
dy__15
dx X4
When x =4, o__ 1515
dx 44

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

d
(a) ynew yorlglnal+ y X X

" 023 ( J(O 02)

2o

= 0 0770
dy
(b) Yiew = yoriginal +&X5X
% = % J{_ EJ(_O 01)
3.99 4 X
5 15
=>4 -2 {001
64 ( 4 J( )
=0.0787

Summative Practice 2

2
1 lim -16
x>-4{ x* +4x

_im {(x+4)(x—4)}
>4 X(x+4)

= lim [M}
X——4 X
_—4-4
-4
=2
2 y=x+l .. (D)
X
Y+OYy=X+0X+ ... (2
X+0X
@-1):
Oy =0X+ 1
X+0X X
§y:§X+x—(x+5x)
x(x+6x)
oy = 5X+L
X(x+6x)
oY g4 1
SX x(x+6x)
ﬂzlim oy
dx &0 §X
Y tim | 1+ !
dx a0 © x(x+6X)
ﬂ:1+ -1
dx x(x+0)
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@ _, 1

dx B X2

3 y=x2(1-3x)°

%: x2(3)(1-3x)2(=3) + (1-3x)3(2x)
= X(1—3X)?[<9X + 2(1— 3X)]
= x(1—3x)2[—9x+2—6x]
= x(1—3x)%(2-15x)

y:E x=2t-1
t
dy 2 dx
dt 2 | odt
At
2
dy _2
ﬂ:i:i—_i
dx  dx 2 t2
dt
dy 1 4
dx [5¢gz (x+D)?
2

5y=B-x)2(2x-3)*

6

Y (B-x)2(4)(2x-3)3(2) +
dx
(2x-3)*(2)(3-x)(-1)

% = 2(3-x)(2x-3)%[4(3-x) - (2x—3)]

dy _ _ _2y3(15_
o = 26-0(x-3)*15-6x)
g%::ze—xx2x—$3ﬁx5—20
dy _ _ _23(5_
o = 6E=0@x-3*(E-2x)
1 s

ng“

y:%(3x—6)6

dy 6

o360

= 6(3x—6)°

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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dy

dy _dtr _14t°
dx dx 2

dt

=73

From x=2t+3, t=XT_3

3
Hence, ﬂ = 7[)(__:3)
dx 2

:%(x—3)3

3x
2X+5
ﬂ _ (2x+5)(3)-(3x)(2)
dx (2x+5)2
15
(2x+5)°

8y=

% =15(2x +5) 2

= —-30(2x+5)73(2)

60
(2x+5)3

9 y= px2+ﬂ
X

The curve passes through the point (2, 3).
3=p@2)2+3

P(2)"+5
6=8p+q ... (1)

dy q
— =2pX——
dx P )(2
3 q
Z_2p(2)-—L
, =2p(2) 52

6=16p—q ... (2)

1) +@):
24p=12

P

From (1) :

1
6=8 =
(2)+q

q=2
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10 If th dient of li 1 h i (b) The equation of the tangent is
e gradient of normal is —g ence the y—(=3) = 4(x-2)
gradient of the tangent is 9. y+3=4x-8
y:(3x_2)3 y=4x-11
d
= —3@3x-2)(3 2x-6
dx 12 y=
dy ) X+3
&=9(3><—2) dy _ (x+3)(2)—(2x-6)(1)
dx 2
9=9(3-2x)? X (x+3)
22 —1 dy 2x+6-2x+6
2( X— ) - dx (X+3)2
Ix“-12x+4=1 ﬂ: 12
9x% —12x+3=0 X (x13)2
3x2 —4x+1=0 At point P (x-axis), y = 0
(x-1)(Bx-1)=0 _ 2x-6
x=1or x:1 y=(3x—2)3 X+3
3 0 2x—6
When x =1, y=(3—2)3:1 X+3
3 2x—-6=0
When x:l, y=(3xl_2J =-1 Xx=3
3 3 dy 12
Hence, the required points are (1, 1) and dx (3+3)2
(la _1j . m= E = l
3 36 3
11 (a) The equation of the normal is 1 1
4y+x=0p 13 y=—-—%
X< X
4y =—x+p
) dy__2. 3
y=——x+£ dx X3 X4
4 4 2
. 1 dy_6 _12
Gradient of normal = 2 NI N

Gradient of tangent = 4

- 2 2

y=(2x—3)* -4 x4[ﬂ+u]+x2y+5=o

d

v 2(2x-3)(2)
dx

%: 8x-12 12X X1
X
4=8x—-12 —2X+9—7+1—;+5=0
8x =16

X=2 —2x+15—E:0
When x=2, X

—2x%2 +15x-13=0

y=(2x2-3)%-4= -3
2x% —15x+13=0

Hence, the coordinates of point Q are

(2,-3). 2x-13)(x-1) =0
13
Ay+x=p x:? orx=1
At (2,-3),
4(-3)+2=p
p=-10
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14 y = (x+1)?(x-2)

yz(x2 +2x+1)(x—2)
y=x3+2x2+x—2x2—4x—2
y=x3—3x—2

Y _3y2_3
dx

At the turning points,
@,
dx
3x2-3=0
x> -1=0
x? =1
X=x1

When x=1, y=13—3(1)_2=_4
Thus, (1, —4) is a turning point.
2
d—;’ —6(1) =6 (positive)
dx

Hence, (1, —4) isa minimum point.

When x=-1, y=(-1)3-3(-1)-2 =0
2

d_;’ =6(-1) =—6 (negative)

dx

Hence, (-1, 0) is a maximum point.

y:ax3+bx+c

dy
dx
At the turning points,

d
d—izo
3ax% +b=0
3a()? +b=0
3a+b=0 ... (1)

15 (@)

=3ax® +b

The curve passes through the point
1,1).

1=a@®)®+b@®)+c
a+b+c=1...(2)

The curve passes through the point
(-1, 5).

5=a(-1)% +b(-1) +c
—-a-b+c=5...(3)

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021
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2)-(3): 2a+2b=—4
a+b=-2 ... (4)

3a+b=0 ... (1)
() a+b=-2 ...(4)

2a=2

a=1

From (1) :
3 +b=0
b=-3
From (2) :

1-3+c=1
c=3

(b) y=x>—3x+3

W g2 3
dx

For (1, 1):

2
d—g’ = 6(1) =6 (positive)
dx

Hence, (1, 1) is a minimum point.

For (-1, 5):

2
d_;/ = 6(—1) = -6 (negative)
dx

Hence, (-1, 5) is a maximum point.

3 2

X7 X 1

16 (a)y=?—7—2x+€
dy 3x® 2x
dx 3 2
=x>—x-2

At the point A(1, -2),
m=Y_12 1 5
dx

(b) m (tangent) = -2
m (normal) = %
Equation of normal at the point
AL, -2) is
1
y=(2)=Z(x-1)
2y+4=x-1
2y=x-5
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(c) At the turning points,
Y _o
dx
x?—x-2=0
(x=2)(x+1) =0
x=2or-1

x =-1 is not accepted.
SoXx=2

When x =2,

2% 22 1
. 1 ¢ +—:—3—
y=73"3 (2 5

Hence, Q is point (2, —3%] .

2
d ay =2x-1
dx?
When x=2,
2
‘jj Y _2(2)-1=3 (positive)

Hence, (2, —3%) is a minimum

point.

17 y:12—x3—4—8:12—x3—48x’1
X

Y 30 ax? =32+ 28
dx x2
2
9Y _ 6x-96x% = —6x -2
dx X
At the turning points,
dy _
dx
—-3x%+ 4—? =0
X
4—8 =3x?
x?
g =28
3
x* =16
X=12
When x =2,
y=12-2%— 428 -20
(2, -20) is a turning point.
d2
o = (2)————24 (negative)

Hence, (2, —20) is a maximum point.

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

When x = -2,

48
y=12-(-2)°%-——-=44
(-2
(-2, 44) is a turning point.
d2
= =24 (positive
o ) (P )

Hence, (-2, 44) is a minimum point.

18 (a) A= Area of rectangle — Area of
triangle

A:60><40—%(3X)(40—x)

A=2 400—60x+§x2 [Shown]

(b) 9A =—-60+3x
dx

When A has a stationary value,
dA

dx
—60+3x=0
x=20

2
d—':‘ =3 (positive)
Hence, the minimum value of A
=2 400-60(20) + g (20)?

=1 800 cm?

19 (3) PR? = x% +10?
PR = vx2 +100

Radius of circle

_ Vx2 4100

2

A = Area of circle — Area of triangle

2
2
A{_V“@OJ s

2
2
A %

A= 257:+%X2 —5x [Shown]
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(b) When A has a stationary value, X(x—24)=0

Ay x=0 or x=24
dx x =0 is not accepted.
1 SX=24
—zx-5=0 2
2 d<v _18 3z
7x=10 PR
10 2
= When x =24, 9V _1g, ——(24)
dx?
2
le 7 (positive) = —187 (negative)
dx?> 2
Hence, the minimum value of A Hence, the maximum value of V
— 2 7 oop3
5 +4[1O] 5(10} = 97(24) 4(24)
i i = 5 18473 4567
:257r+§—@ =17827 cmd
T T
A=2zrh
(25;:—§) cm? (b) !
T
A= Zﬁ( ](y)
20 (a) Perimeter of the rectangle _ _
X +2y =72 A=7Xx(36-X)
X+y=36 A=367X— x>
y=36-X
dA—367r 27X
V =zr?h dx )
When A has a stationary value,
V= 7{ j () Ay
dx
X2 367 —-27x=0
V=7 — |(36-X) 18-x=0
x=18
7rX2
\ :—(36 X) [Shown] 2
d“A .
— =-27 (negative)
dx
v=97x2-Zx8 Hence, the maximum value of A
4 = 367(18) - 7(18)2
dv — =187 X——(3X ) =6487 —324rx
dx =324 7 cm?
dv N 15, X_372' 2
dx 4

_ 21 V=xrh
When V has a stationary value

v 7r?h = 6867
-0
dx r’h =686
187rx—3—”x2:0 h:@
4 r2
l8;rx—3—7[x2
4 A=27r%+27rh
15
X =~
X 4X A=2rxr +27rr[6826]
24x = x2 r
-24x=0
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1372x

A=27r? + [Shown]
r
dA 1372x
=4rr—
dl’ r2
When A has a stationary value,
dA_y
dr
Agr— 13727 _ 0
2
r
ar 1 3272
r
r- =343
r=7
2
d°A _ 4 + 2 744 (positive)
dr r

Hence, the minimum value of A
13727

=2 (7) —
=294 7 cm?

22 (a) Perimeter = 100
2x+2y =100

X+Yy =50
x=50-y

A = Area of rectangle — Area of the two
semicircles

A=xy—rzr?

2
A=y(50-Y)- ﬂ(lj
ry?
4

A=50y— y—

4y +7ry

A =50y - 2

A=50y - (4;ﬂ)y [Shown]

(b)——50 2y(4+ﬂ') 50_y(4+ﬂ'}
dy 2

When A has a stationary value,

© EPH Publishing (M) Sdn. Bhd. (473626-T) 2021

23

_ 100
4+

Width = y_ﬂ cm

44+ r

x=50-y

= 50— ( 100 j
4+

_ 50(4+7)~100

4+
_200+507 -100
4+
507 +100
4+
Length = x :w cm
4+
d?A b1 .
— == [negative]
dy
Hence, the value of A is a maximum.
23
ycm
Xxcm
ycm

Ircm

Perimeter of the rectangle = 50 cm
2x+2y =50

X+y=25
y=25-X
Perimeter of the right part of the
cylinder is equal to the length of the

rectangle
2rr=x
X
r=—
2z
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Volume of the cylinder dav _dv. dx

V =7zr?h dat dx dt
s = 50xx0.02
Vv :;{2—] y =50(5)x 0.02
72 =5cmd!
V=rx (25-X)
{47r J 25 A=27r? + 27r(12)
v :%(25)(2_)(3) A=27r? + 2471
JT
d—A:47zr+247r
:
?j—v=4i(50x—3x2)
X
v 1” dA_dA_dr
50 -3x
o =25 X60-3) 3/: dr

_ =(4zr+247) x 0.1
When V has a stationary value,

av _ d—=[4ir(4)+247r] x 0.1
dx dt
1 (50-3x)=0 A4 cmis
Ar d
50
3 26 V = xz(l xj ‘
2 ‘ 1,
50 25 l 2
25——=— 1 |
y= 3 3 \Y :EX?’ A A
v 3, X
2 V.2 ,
av_ (50 6x) dx 2 /
dx? T 4n X
50
When X==3" When A=2x ><4(2 )(x)— 4x?
2
o 4r 3] 2 4x% =1600
Hence, the volume of the cylinder is a ’
maximum. X =400
x=20
2
Length = 165 cm dv  dv dx
1 dtaxdt
Width = 8= cm 3,
3 =—x“x0.02
24 'V = Area of triangle ABC x CD 2
3 om2
V= %(x)(lO) x 5X = (20)7x0.02
V =5x(5x) =12 cm’?
V = 25x°
dv — =50x
dx
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27 0.5m 4
A (b) m=5x-2 y-—F
dm _ dy 8
! dx B dm m3
0.7m - m+2
g s
dy 8
dy_dm_m? _40__ 40
v &1 3 (5x-2)°
dm 5
Using the ratios of similar triangles,
rh Sy dy
05 07 © =
h d
r:ﬁXO'S 5yzd—ix5x
r=2h 40 (E_J
(5x-2)% |5
2 __% x[_lj
V:§7Z'r h (5)(1—2)3 5
2 40 1
\% =1n£§hJ h = —Exg
1 (25 ——i
V=27 2h?|h 27
3 \49
vo2 43 29 () 5
147 N
d_V=§;,h2
dh 49
dh dh dv
dt  dv dt ;
= 492><0.l
257h
:LZXOIJ_
25(3.142)(0.3) v
=0.693 cms*
28 (a) m=5x-2
dm _ 5 Using the ratios of similar triangles,
dx rx
dx_dx_ dm 578
dt  dm dt 5X
1 =3
:—)(2 8
5
-2 unit s V= 17rr2h
5 3
2
1 (5x
V==zx —| (X
3”( 8) ()
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\ =§7rx3 [Shown]
192

oV dv
(b) St~
ox dx
N :d—VX5X
dx
=2 2 (4.08-4)
64
25
=—(4)°(0.08
= (47009
=057 cm?
R 27
30 y="-
y N
dy -108
dx x5
When x =3
dy _-108 _ 4
dx 3% 9
dy
(3.) Yiew = yoriginall"‘&xax
2l 5{-%(2.99—3)
2.99% 34 9
= 0.3378
27 27 4
b) =— = = +|-2|3.01-3
(®) 3014 3 ( 9j( )

=0.3289
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