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Form 5 Chapter 2 

Differentiation 

Fully-Worked Solutions 
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+=  

 ( )22 36 += xx
dx

dy
 

 22 3)1()1(6 +−−=m = 96−  

 

(b) 
14

32

+

+
=

x

x
y  

2

2

)14(

)4)(3()2)(14(

+

+−+
=

x

xxx

dx

dy
 

2

22

)14(

12428

+

−−+
=

x

xxx

dx

dy
 

2

2

)14(

1224

+

−+
=

x

xx

dx

dy
 

12
1

12

2
−=

−
=m  

 

(c) ( ) )1(9 23 xxy +−= = 53299 xxx −−+  

42 5318 xxx
dx

dy
−−=  

56)2(5)2(3)2(18 42 −=−−=m  

 

(d) 
21

2

1 −− +=
+

= xx
x

x
y  

  32 2 −− −−= xx
dx

dy
 

  
32

21

xxdx

dy
−−=  

 
2

1

4

1

4

1

2

2

2

1

32
−=−−=−−=m  
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(e) 
1

2

+

−
=

x

x
y  

2)1(

)2()1(

+

−−+
=

x

xx

dx

dy
= 

2)1(

3

+x
 

3

1

9

3

)12(

3

2
==

+
=m  

 

2 kxhxy += 2
 

The curve passes through the point 










8

7
,

4

1
. 









+








=

4

1

4

1

8

7
2

kh  









+







=

4

1

16

1

8

7
kh  

kh 414 +=  … (1) 

 

khx
dx

dy
+= 2  

kh +







=

4

1
24  

kh 28 +=  … (2) 

 

(1) – (2) : 62 =k  

  3=k  

 

Substitute 3=k  into (2) : 

)3(28 += h  

2=h  

 

3 bx
x

a
y +=  

The curve passes through the point (2, 7). 

b
a

2
2

7 +=  

ba 414 +=  … (1) 

 

b
x

a

dx

dy
+

−
=

2
 

b
a
+

−
=

222

5
 

10 = –a + 4b … (2) 

 

(1) + (2) : b824 =  

3=b  

 

Substitute 3=b  into (1) : 

)3(414 += a  

   a = 2 

 

 

4 
2x

g
fxy +=  

The curve passes through the point (2, 5). 

22
25

g
f +=  

gf += 820  … (1) 

 

3

2

x

g
f

dx

dy
−=  

32

2
1

g
f −=  

4
1

g
f −=  

gf −= 44  … (2) 

 

(1) + (2) : 24 = 12f 

2=f  

Substitute 2=f  into (2) : 

g−= )2(44  

 g = 4 

 

 

UPSKILL 2.4b 

 

1 (a) 523 2 −−= xxy  

 26 −== x
dx

dy
m  

 102)2(6 =−=m  

The equation of the tangent is 

)2(103 −=− xy  

32010 +−= xy  

1710 −= xy  

(b) 
2

3

x
xy +=  

3

6
1

xdx

dy
m −==  

 5
1

6
1

3
−=−=m  

The equation of the tangent is 

)1(54 −−=− xy  

455 ++−= xy  

95 +−= xy  

 

2  When x = 4, xxxy 148 23 +−=  

8)4(14)4(84 23 −=+−=y  

 

xxxy 148 23 +−=  

14163 2 +−== xx
dx

dy
m  
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214)4(16)4(3 2 −=+−=m  

The equation of the tangent is 

)4(2)8( −−=−− xy  

     828 +−=+ xy  

           xy 2−=  

 

3          
x

x
y

23

3

−

+
=  

         
x

x

23

3
4

−

+
=  

xx +=− 3812  

         x99 =  

         1=x  

 

2)23(

)2)(3()1)(23(

x

xx

dx

dy
m

−

−+−−
==  

2)23(

)3(223

x

xx
m

−

++−
=  

2)23(

2623

x

xx
m

−

++−
=  

 

2)23(

9

x
m

−
=  

When 1=x , m = 9
)23(

9

1
=

−
 

(1, 4), m = 9 

The equation of the tangent is 

)1(94 −=− xy  

994 −=− xy  

59 −= xy  

 

4 (a) 93
2

1

3

1 23 −−−= xxxy  

32 −−== xx
dx

dy
m  

When 6=x , 273662 =−−=m  

Gradient of normal = 
27

1
−  

The equation of the normal is 

)6(
27

1
27 −−=− xy  

672927 +−=− xy  

73527 +−= xy  

 

(b) 
x

xy
8

2 +=  

2

8
2

xdx

dy
m −==  

6
)1(

8
2

2
−=

−
−=m  

Gradient of normal = 
6

1
 

The equation of the normal is 

))1((
6

1
)10( −−=−− xy  

1606 +=+ xy  

596 −= xy  

 

5 
x

x
y

22 +
=

x
x

2
+=  

2

2
1

xdx

dy
−= = 

2

1
 

2

12

2
=

x
 

42 =x  

2=x  

 

2

2)2( 2



+
=y  

2

24+
=y  or 

2

24

−

+
=y  

3=y  or 3−  

 

The required points are (2, 3) or (–2, –3). 

 

6  52 2 +−= xxy  

 14 −== x
dx

dy
m  

31)1(4 =−=m  

The equation of the tangent is 

)1(36 −=− xy  

      33 += xy  

 

Gradient of perpendicular line =
3

1
− . 

3

1
14 −=−x  

3

2
4 =x  

6

1
=x  
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7 The gradient of the line 510 += xy  is 
10

1
. 

Thus, the gradient of the tangent is 10− . 

khxxy ++= 23  

hx
dx

dy
+= 6  

h+−=− )2(610  

    2=h  

 

The curve passes through the point )9,2(− . 

kxxy ++= 23 2
 

k+−+−= )2(2)2(39 2
 

k+−= 4129  

k = 1 

 

8  The gradient of the line 24 −= xy  is 4. 

 Gradient of normal is 
4

1
− . 

 

 

 

 

 

 

 

 

 

 

 

Thus, the gradient of the tangent is 4. 
2)32( −= xy  

)2)(32(2 −= x
dx

dy
= 4 

                     4128 =−x  

2=x  

When x = 2, 1)322( 2 =−=y  

The required point is (1, 2). 

The equation of the normal is 

   )2(
4

1
1 −−=− xy  

244 +−=− xy  

      64 +−= xy  

 

9 (a) Gradient of tangent = 2
17

218
=

+

−
 

2==
dx

dy
m  

   242 =−x  

           3=x  

When x = 3, y = 63)3(432 −=−−  

The coordinates of point R are (3, –6). 

(b) Gradient of normal = 
2

1
−  

The equation of the normal is 

)3(
2

1
)6( −−=−− xy  

3122 +−=+ xy  

        92 −−= xy  

 

UPSKILL 2.4c 

 

1 (a) 
323 xxy −=  

236 xx
dx

dy
−=  

x
dx

yd
66

2

2

−=  

At the turning points, 

        0=
dx

dy
 

036 2 =− xx  

0)2(3 =− xx  

0=x  or 2=x  

 

When x = 0, 

0)0()0(3 32 =−=y  

Thus, (0, 0) is a turning point. 

)0(66
2

2

−=
dx

yd
= 6 (positive) 

Hence, the minimum point is (0, 0). 

 

When x = 2,  

4)2()2(3 32 =−=y  

Thus, (2, 4) is a turning point. 

6)2(66
2

2

−=−=
dx

yd
 (negative) 

Hence, (2, 4) is a maximum point. 

 

(b) 
x

xy
9

4 +=  

2

9
4

xdx

dy
−=  

32

2 18

xdx

yd
=  

 

At the turning points, 

     0=
dx

dy
 

0
9

4
2
=−

x
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     4
9

2
=

x
 

      
4

92 =x  

   
2

3
=x  

32

2 18

xdx

yd
=  

When 
2

3
=x , 

12

2

3

9

2

3
4 =









+







=y  









12,

2

3
 is a turning point. 

3

16

2

3

18

32

2

=









=

dx

yd
 (positive) 

Hence, 







12,

2

3
 is a minimum point. 

 

When 
2

3
−=x , 

12

2

3

9

2

3
4 −=









−

+







−=y   

3

16

2

3

18

32

2

−=









−

=
dx

yd
 (negative) 









−− 12,

2

3
 is a maximum point. 

(c) 
2

2 16
4

x
xy −−=  

3

32
2

x
x

dx

dy
+−=  

42

2 96
2

xdx

yd
−−=  

 

At the turning points, 

           0=
dx

dy
 

0
32

2
3
=+−

x
x  

          x
x

2
32

3
=  

          164 =x  

            2=x  

 

When 2=x ,  

2

2

2

16
24 −−=y  

4−=y  

Hence, (2, –4) is a turning point. 

 

At the turning points, 

          0=
dx

dy
 

0
32

2
3
=+−

x
x  

         x
x

2
32

3
=  

          164 =x  

            2=x  

 

When x = 2, 

4
2

16
24

2

2 −=−−=y  

 (2, –4) is a turning point. 

8
2

96
2

42

2

−=−−=
dx

yd
 (negative) 

Hence, (2, –4) is a maximum point. 

 

When x = –2, 

4
)2(

16
)2(4

2

2 −=
−

−−−=y  

 

 (–2, –4) is a turning point. 

8
)2(

96
2

42

2

−=
−

−−=
dx

yd
 (negative) 

Hence, (–2, –4) is a maximum point. 

 

(d) 
2)3( −= xxy  

y = )96( 2 +− xxx  

xxxy 96 23 +−=  

9123 2 +−= xx
dx

dy
 

126
2

2

−= x
dx

yd
 

 

At the turning points, 

0=
dx

dy
 

09123 2 =+− xx  

   0342 =+− xx  
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0)1)(3( =−− xx  

3=x  or 1=x  

 

When x = 3, 

0)33(3 2 =−=y  

Thus, (3, 0) is a turning point. 

612)3(6
2

2

=−=
dx

yd
 (positive) 

Hence, (3, 0) is a minimum point. 

 

When 1=x , 

2)31)(1( −=y = 4 

Hence, (1, 4) is a turning point. 

12)1(6
2

2

−=
dx

yd
= 6−  (negative) 

Hence, (1, 4) is a maximum point. 

 

(e) 193 23 −−+= xxxy  

 963 2 −+= xx
dx

dy
 

66
2

2

+= x
dx

yd
 

 

At the turning points, 

               0=
dx

dy
 

 0963 2 =−+ xx  

   0322 =−+ xx  

0)1)(3( =−+ xx  

 3−=x  or 1=x  

 

When 3−=x , 

261)3(9)3(3)3( 23 =−−−−+−=y  

Thus, (–3, 26) is a turning point. 

126)3(6
2

2

−=+−=
dx

yd
 (negative) 

Hence, )26,3(−  is a maximum point. 

 

When 1=x , 61931 −=−−+=y  

Thus, (1, –6) is a turning point. 

1266
2

2

=+=
dx

yd
 (positive) 

Hence, (1, )6− is a minimum point.  

 

 

 

 

 

 

 

2 (a) 
2

2

x

k
hxy +=  

The curve passes through the point (1, 17). 

kh+=17  … (1) 

 

3

2
2

x

k
hx

dx

dy
−=  

kh 2230 −=−  

kh −=−15  … (2) 

 

(1) + (2) : 2h = 2  

                  h = 1 

 

From (1) : 

k+=117  

 16=k  

 

(b) 
2

2 16

x
xy +=  

3

32
2

x
x

dx

dy
−=  

42

2 96
2

xdx

yd
+=  

 

At the turning points, 

        0=
dx

dy
 

3

32
2

x
x − = 0 

         
3

32
2

x
x =  

          164 =x  

            2=x  

 

When x = 2,  

8
2

16
2

2

2 =+=y  

Thus, (2, 8) is a turning point. 

8
2

96
2

42

2

=+=
dx

yd
 (positive) 

Hence, (2, 8) is a minimum point. 

 

When x = –2,  

( ) 8
)2(

16
2

2

2
=

−
+−=y  

Thus, (–2, 8) is a turning point. 

8
)2(

96
2

42

2

=
−

+=
dx

yd
 (positive) 

Hence, (–2, 8) is a minimum point. 
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UPSKILL 2.4d 

 

1  

 

 

 

 

 

 

 

 

 

 

Let the height of the cuboid = y cm 

   2004)2(4)3(4 =++ yxx  

              5023 =++ yxx  

   xy 550−=  

 

))(2)(3( yxxV =  

yxV 26=  

)550(6 2 xxV −=  

)10(30 2 xxV −=  [Shown] 

32 30300 xxV −=  

 

090600 2 =−= xx
dx

dV
 

0)320(30 =− xx  

                            
3

20
=x  

 
32

maximum
3

20
30

3

20
300 








−








=V  

  =  
9

00040
 cm3 

 

2   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

82 == hxV  

2

8

x
h =  

hxxA 42 2 +=  









+=

2

2 8
42

x
xxA  

x
xA

32
2 2 +=  

2

32
4

x
x

dx

dA
−=  

When 
2

32
4

x
x

dx

dA
−=  = 0, 

x
x

4
32

2
=  

83 =x  

  2=x  

 

2

8

x
h = = 2

2

8

2
=  

 

3  

 

 

 

 

 

 

 

 

 

 

( ) ( )xyxyxA 32232 2 ++=  = 1274 cm2 

127486 2 =+ xyx  

             
x

x
y

8

61274 2−
=  

 

yxxP 44)3(4 ++=  

yxP 416 +=  













 −
+=

x

x
xP

8

61274
416

2

 













 −
+=

x

x
xP

2

61274
16

2

 













 −
+=

x

x
xP

23637
16  









−+= x

x
xP 3

637
16  
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x
xP

637
13 +=  

0
637

13
2
=−=

xdx

dP
 

13
637

2
=

x
 

492 =x  

  7=x  

 

182
7

637
)7(13minimum =+=P  cm 

 

4 (a) Let AB = DC = y cm 

 

ryP 22 += = 120 

      60=+ ry   

              ry −= 60  

 
22 rryL −=  

2)60(2 rrrL  −−=  

23120 rrL −=  [Shown] 

 

(b) 06120 =−= r
dr

dL
  

1206 =r  

6

120
=r  



20
=r  

6
2

2

−=
rd

Ld
 [< 0] 

Thus, the value of L is a maximum. 

 

5 (a)                    V = 96 cm3 

 96))(3)(4(
2

1
=yxx  

966 2 =yx  

     
26

96

x
y =  

     
2

16

x
y =  

( )( ) xyxyxyxxA 54334 +++=  

xyxA 1212 2 +=  









+=

2

2 16
1212

x
xxA  

x
xA

192
12 2 +=  [Shown] 

 

(b) 0
192

24
2
=−=

x
x

dx

dA
 

x
x

24
192

2
=  

83 =x  

  2=x  

  6)2(33 === xh  cm 

 

6 (a)  1922 == hrV  

2

192

r
h =  

22 22 rrhrA  ++=  









+=

2

2 192
23

r
rrA   









+=

r
rA

192
23 2   









+=

r
rA

384
3 2   [Shown] 

 

(b) 
2

384
6

r
r

dr

dA 
 −=  = 0 

      
2

384
6

r
r


 =  

         643 =r  

          4=r  

=maximumA 







+

4

384
)4(3 2   

  =  9648 +  

  144=  cm2 
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7 

 
 

(a)    Perimeter = 6 m 
622 =++ xxy   

xxy −−= 262  

2

26 xx
y

−−
=  

A = Area of rectangle + Area of 

semicircle 

2

2

1
2 xxy +=  

2

2

1

2

26
2 x

xx
x 


+







 −−
=  

222

2

1
26 xxπxx +−−=  

22

2

1
26 xπxx −−=  

 

(b) xx
dx

dA
−−= 46  

When A has a stationary value, 

0=
dx

dA
 

046 =−− xx   

64 =+ xx   

6)4( =+ x  

+
=

4

6
x  

 

−−= 4
2

2

dx

Ad
 (negative) 

Hence, A is a maximum. 

 

Hence, when the surface area of the 

window is a maximum, the width of 

the window 
x2=   










+
=

142.34

6
2  

6801.=  m 

UPSKILL 2.4e 

 

1 
2rA =  

r
dr

dA
2=  

 

dt

dr

dr

dA

dt

dA
= = 5.0)4(2   = 4  cm2s–1 

 

2 (a) 3

3

4
rV =  

24 r
dr

dV
=  

 

dt

dV
= 5.04 2 = r

dt

dr

dr

dV
  

5.0)4(4 2 =   

= 32  cm3s–1 

(b) 
24 rA =  

r
dr

dA
8=  

 

 165.0)4(8 ===
dt

dr

dr

dA

dt

dA
 cm2s–1 

 

3  hhhrV  900)30( 22 ===  

900=
dh

dV
 

dt

dV

dV

dh

dt

dh
=  

90
900

1
=


 

10

1
=  cms–1 

 

4  32

3

1
6 hhV  +=  

212 hh
dh

dV
 +=  

 

dt

dV

dV

dh

dt

dh
=  

3
12

1

2


−
=

hh 
 

3
)2()2(12

1

2


−
=


 

3
20

1
=


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20

3
=  cms–1 

5 Let the area of ABC  = L cm2 

L = 
o150sin)3()(

2

1
xx  

L = 








2

1

2

3 2x  

L = 2

4

3
x  

x
dx

dL

2

3
=  

 

dt

dx

dx

dL

dt

dL
=  

= )5.0(
2

3
x  

x
4

3
=  

4
4

3
=  

= 3 cm2s–1 

 

6 3

3

4
rV =  

24 r
dr

dV
=  

 

dt

dV

dV

dr

dt

dr
=  

  


10
4

1

2
=

r
 

  


10
)4(4

1

2
=  

  
32

5
=  cms–1 

 

7 (a) 3xV =  

 23x
dx

dV
=  

( ) 1502)5(3 2 −=−==
dt

dx

dx

dV

dt

dV
 cm3s–1 

(b) 26xA =  

x
dx

dA
12=  

120)2()5(12 −=−==
dt

dx

dx

dA

dt

dA
 cm2s–1 

 

 

 

 

 

 

8 
416

rh
=  

416

4 h
hr ==  

3
2

2

48

1

43

1

3

1
hh

h
hrV  =








==  

2

16

1
h

dh

dV
=  

dt

dh
= 

dt

dV

dV

dh
  

 2
)8(

16

2
=


 

 
2

1
=  cms–1 

 

 

UPSKILL 2.4e 

 

1 1182 23 +−= xxy  

xx
dx

dy
166 2 −=  

 

x
dx

dy
y  =  

( ) 02.0166 2 −= xx  

( ) 02.0)2(16)2(6 2 −=  

16.0−=  

The value of y decreases. 

 

2 
x

xy
6

4 −=  

2

6
4

xdx

dy
+=  

 

== x
dx

dy
y  








+

2

6
4

x
)22( −+ k  

ky 







+=

22

6
4 = k

2

11
 

 

3 
2rA =  

r
dr

dA
2=  

 

)03.0()5(2 ==  r
dr

dA
A = 0.3 cm2 
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4  hrV 2

3

1
=  

)5(
3

1 2rV =  

2

3

5
rV =  

r
dr

dV


3

10
=  

 

r
dr

dV
V  =  

  )315.3(
3

10
−= r  

  )315.3()3(
3

10
−=   

  5.1=  cm3 

 

5  hrV 2=  

hV 2)4(=  

hV 16=  

 

h
dh

dV
V  =  

 25.016 =   

 4=  cm3 

 

6 3

3

4
rV =  

24 r
dr

dV
=  

 

r
dr

dV
V  =  

( )2.04 2 −= r  

( )2.0)10(4 2 −=   

= 80  cm3 

 

7 26xA =  

x
dx

dA
12=  

 

)6(2.1)1.0(12 −=−== xx
dx

dA
A   

2.7−=  cm2 

8  
3

5

x
y =  

4

15

xdx

dy
−=  

When x = 4, 
256

15

4

15

4
−=−=

dx

dy
 

(a) x
dx

dy
yy += originalnew  

)02.0(
15

4

5

02.4

5

433 







−+=

x
 

)02.0(
4

15

64

5

4 








−+=  

= 0.0770 

(b) x
dx

dy
yy += originalnew  

)01.0(
15

4

5

99.3

5

433
−








−+=

x
 

)01.0(
4

15

64

5

4
−








−+=  

= 0.0787 

 

Summative Practice 2 

 

1 













+

−

−→ xx

x

x 4

16
lim

4

2

4
 










+

−+
=

−→ )4(

)4)(4(
lim

4 xx

xx

x
 








 −
=

−→ x

x

x

)4(
lim

4
 

= 
4

44

−

−−
 

= 2  

 

2          
x

xy
1

+=  … (1) 

xx
xxyy




+
++=+

1
 … (2) 

(2) – (1) :  

xxx
xy

11
−

+
+=


  

( )
( )xxx

xxx
xy






+

+−
+=  

( )xxx

x
xy






+

−
+=  

( )xxxx

y





+

−
+=

1
1  

x

y

dx

dy

x 



 0
lim
→

=  

( )







+

−
+=

→ xxxdx

dy

x 

1
1lim

0
 

( )0

1
1

+

−
+=

xxdx

dy
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2

1
1

xdx

dy
−=  

 

3 
32 )31( xxy −=  

=
dx

dy
)2()31()3()31)(3( 322 xxxx −+−−  

)]31(29[)31( 2 xxxx −+−−=  

]629[)31( 2 xxxx −+−−=  

( )xxx 152)31( 2 −−=  

 

4 
t

y
2

=   12 −= tx  

2

2

tdt

dy
−=  2=

dt

dx
 

  
2

1+
=

x
t  

dt

dx
dt

dy

dx

dy
=  = 

2

2 1

2

2

t

t −=

−

 

2

2

1

1








 +
−=

xdx

dy
= 

2)1(

4

+
−

x
 

 

5  y = 42 )32()3( −− xx   

+−−= )2()32)(4()3( 32 xx
dx

dy
 

)1)(3)(2()32( 4 −−− xx  

dx

dy
=  )32()3(4)32)(3(2 3 −−−−− xxxx  

dx

dy
 = ( )xxx 615)32)(3(2 3 −−−  

dx

dy
 = ( )xxx 25)3()32)(3(2 3 −−−  

dx

dy
 = ( )xxx 25)32)(3(6 3 −−−  

 

6     6

3

1
uy =  

       6)63(
3

1
−= xy  

       )3()63(
3

6 5−= x
dx

dy
 

             = 5)63(6 −x  

 

 

7 3
3

7
2

14
t

t

dt

dx
dt

dy

dx

dy
===  

From 32 += tx , 
2

3−
=

x
t  

Hence, 

3

2

3
7 







 −
=

x

dx

dy
 

3)3(
8

7
−= x  

 

8 
52

3

+
=

x

x
y  

2)52(

)2)(3()3)(52(

+

−+
=

x

xx

dx

dy
 

  
2)52(

15

+
=

x
 

 

2)52(15 −+= x
dx

dy
 

=
2

2

dx

yd
)2()52(30 3−+− x  

3)52(

60

+

−
=

x
 

 

9  
x

q
pxy += 2

 

The curve passes through the point (2, 3). 

2
)2(3 2 q

p +=  

qp+= 86  … (1) 

 

2
2

x

q
px

dx

dy
−=  

22
)2(2

2

3 q
p −=  

qp−=166  … (2) 

 

(1) + (2) : 
1224 =p  

2

1
=p  

 

From (1) : 

q+







=

2

1
86  

2=q  
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10  If the gradient of normal is 
9

1
− , hence the 

gradient of the tangent is 9. 
3)23( −= xy  

)3()23(3 2−= x
dx

dy
 

2)23(9 −= x
dx

dy
 

2)23(99 x−=  

       1)23( 2 =−x  

14129 2 =+− xx  

03129 2 =+− xx  

  0143 2 =+− xx  

0)13)(1( =−− xx  

     1=x  or 
3

1
=x 3)23( −= xy  

When x = 1, 1)23( 3 =−=y  

When 
3

1
=x , 12

3

1
3

3

−=







−=y  

Hence, the required points are (1, 1) and 









−1,

3

1
. 

 

11 (a) The equation of the normal is  
pxy =+4   

     pxy +−=4  

      
44

1 p
xy +−=  

Gradient of normal = 
4

1
−  

Gradient of tangent = 4 

4)32( 2 −−= xy  

)2)(32(2 −= x
dx

dy
 

dx

dy
= 128 −x  

   1284 −= x  

 168 =x  

   2=x  

When 2=x ,  

4)322( 2 −−=y = 3−  

Hence, the coordinates of point Q are 

)3,2( − . 

 
pxy =+4  

At )3,2( − , 

p=+− 2)3(4  

            10−=p  

(b) The equation of the tangent is 

  )2(4)3( −=−− xy  

       843 −=+ xy  

             114 −= xy  

 

12 
3

62

+

−
=

x

x
y  

2)3(

)1)(62()2)(3(

+

−−+
=

x

xx

dx

dy
 

2)3(

6262

+

+−+
=

x

xx

dx

dy
 

dx

dy
= 

2)3(

12

+x
 

At point P (x-axis), y = 0 

       
3

62

+

−
=

x

x
y  

        
3

62
0

+

−
=

x

x
 

062 =−x  

        3=x  

2)33(

12

+
=

dx

dy
 

 
3

1

36

12
==m  

 

13 
32

11

xx
y −=  

43

32

xxdx

dy
+−=  

542

2 126

xxdx

yd
−=  

 

                         52

2

2
4 ++














+ yx

dx

yd

dx

dy
x = 0 

05
1112632
32

2

5443

4 =+







−+








−++−

xx
x

xxxx
x

                           05
1

1
12

92 =+−+−+−
xx

x  

                                          0
13

152 =−+−
x

x  

                                       013152 2 =−+− xx  

                                         013152 2 =+− xx  

                                        0)1)(132( =−− xx  

                                          
2

13
=x  or x = 1 
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14 )2()1( 2 −+= xxy  

 ( ) )2(122 −++= xxxy  

 2422 223 −−−++= xxxxxy  

 233 −−= xxy  

 33 2 −= x
dx

dy
 

 x
dx

yd
6

2

2

=  

 

At the turning points, 

      0=
dx

dy
 

033 2 =−x  

  012 =−x  

       12 =x  

         1=x  

 

When 1=x , 42)1(313 −=−−=y  

Thus, )4,1( −  is a turning point. 

6)1(6
2

2

==
dx

yd
 (positive) 

Hence, )4,1( −  is a minimum point. 

 

When 1−=x , 2)1(3)1( 3 −−−−=y  = 0 

6)1(6
2

2

−=−=
dx

yd
 (negative) 

Hence, )0,1(−  is a maximum point. 

 

15  (a)    cbxaxy ++= 3
 

bax
dx

dy
+= 23  

At the turning points, 

                0=
dx

dy
 

03 2 =+bax  

0)1(3 2 =+ba  

       03 =+ ba  … (1) 

 

The curve passes through the point   

(1, 1). 

cba ++= )1()1(1 3
 

1=++ cba  … (2) 

 

The curve passes through the point    

(–1, 5). 

cba +−+−= )1()1(5 3
 

5=+−− cba  … (3) 

 

(2) – (3) : 422 −=+ ba  

     2−=+ ba  … (4) 

 

       03 =+ ba  … (1) 

  (–)  2−=+ ba  … (4) 

       22 =a  

         1=a  

 

From (1) : 

0)1(3 =+ b  

 3−=b  

 

From (2) : 
131 =+− c  

          c = 3 

 

(b) 333 +−= xxy  

33 2 −= x
dx

dy
 

2

2

dx

yd
 = x6  

 

For (1, 1): 

2

2

dx

yd
 = 6)1(6 =  (positive) 

Hence, (1, 1) is a minimum point. 

 

For (–1, 5): 

2

2

dx

yd
 = 6)1(6 −=−  (negative) 

Hence, (–1, 5) is a maximum point. 

 

16    (a) 
6

1
2

23

23

+−−= x
xx

y  

2
2

2

3

3 2

−−=
xx

dx

dy
 

  22 −−= xx  

 

At the point A(1, –2), 

22112 −=−−==
dx

dy
m  

 

(b)  m (tangent) = –2 

m (normal) = 
2

1
 

Equation of normal at the point 

)2,1( −A  is 

)1(
2

1
)2( −=−− xy  

   142 −=+ xy  

         52 −= xy  
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(c) At the turning points, 

                0=
dx

dy
 

     022 =−− xx  

0)1)(2( =+− xx  

                   2=x  or –1 

 

1−=x  is not accepted. 

2=x  

 

When ,2=x  

6

1
3

6

1
)2(2

2

2

3

2 23

−=+−−=y  

Hence, Q is point 







−

6

1
32, . 

 

12
2

2

−= x
dx

yd
 

When ,2=x   

31)2(2
2

2

=−=
dx

yd
(positive) 

Hence, 







−

6

1
3,2  is a minimum 

point. 

 

17 133 4812
48

12 −−−=−−= xx
x

xy  

 
2

222 48
3483

x
xxx

dx

dy
+−=+−= −

 

 
3

3

2

2 96
6966

x
xxx

dx

yd
−−=−−= −  

  

At the turning points, 

            0=
dx

dy
 

0
48

3
2

2 =+−
x

x  

             
2

2
3

48
x

x
=  

             
3

484 =x  

             164 =x  

               2=x  

 

When ,2=x  

20
2

48
212 3 −=−−=y  

(2, –20) is a turning point. 

 

     24
2

96
)2(6

32

2

−=−−=
dx

yd
 (negative) 

Hence, (2, –20) is a maximum point. 

 When ,2−=x  

44
)2(

48
)2(12 3 =

−
−−−=y  

(–2, 44) is a turning point. 

 

     24
)2(

96
)2(6

32

2

=
−

−−−=
dx

yd
 (positive) 

 Hence, (–2, 44) is a minimum point. 

 

18  (a) =A Area of rectangle – Area of 

triangle 

)40()3(
2

1
4060 xxA −−=  

2

2

3
604002 xxA +−=  [Shown] 

 

(b) x
dx

dA
360+−=  

When A has a stationary value, 

        0=
dx

dA
 

0360 =+− x  

            20=x  

 

3
2

2

=
dx

Ad
 (positive) 

Hence, the minimum value of A  

2)20(
2

3
)20(604002 +−=  

= 1 800 cm2 
 

19 (a) 222 10+= xPR  

1002 += xPR  

 
Radius of circle 

2

1002 +
=

x
 

 

A = Area of circle – Area of triangle 

)10(
2

1

2

100
2

2

x
x

A −













+

=   

x
x

A 5
4

1002

−












 +
=   

xxA 5
4

25 2 −+=


  [Shown] 
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(b) When A has a stationary value, 

        0=
dx

dA
 

05
2

1
=−x  

          10=x  

            


10
=x  


2

1

2

2

=
dx

Ad
 (positive) 

Hence, the minimum value of A 









−








+=






10
5

10

4
25

2

 




5025
25 −+=  

2cm
25

25 







−=


  

 

20  (a)    Perimeter of the rectangle 
7222 =+ yx  

36=+ yx  

xy −= 36  

 

hrV 2=  

)(
2

2

y
x

V 







=   

)36(
4

2

x
x

V −













=   

)36(
4

2

x
x

V −=


 [Shown] 

 

 
32

4
9 xxV


 −=  

( )23
4

18 xx
dx

dV 
 −=  

2

4

3
18 xx

dx

dV 
 −=  

 

When V has a stationary value 

                0=
dx

dV
 

0
4

3
18 2 =− xx


  

               
2

4

3
18 xx


 =  

               
2

4

1
6 xx =  

             224 xx =  

     0242 =− xx  

0)24( =−xx  

0=x  or 24=x  

0=x  is not accepted. 

24=x  

x
dx

Vd

2

3
18

2

2 
 −=  

When x = 24, )24(
2

3
18

2

2 
 −=

dx

Vd
 

  = 18−  (negative) 

 

Hence, the maximum value of V 

= 32 )24(
4

)24(9


 −  

=  45631845 −  

= 1 782  cm3 

 

(b) hrA 2=  

)(
2

2 y
x

A 







=   

)36( xxA −=   

236 xxA  −=  

 

x
dx

dA
 236 −=  

When A has a stationary value, 

           0=
dx

dA
 

0236 =− x  

       018 =− x  

              x = 18 

 

2
2

2

−=
dx

Ad
 (negative) 

Hence, the maximum value of A 

= 
2)18()18(36  −  

= 648  – 324  

= 324  cm2 

 

 

21         hrV 2=  

 6862 =hr  

  6862 =hr  

     
2

686

r
h =  

 

hrrA  22 2 +=  









+=

2

2 686
22

r
rrA   
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r
rA




3721
2 2 +=  [Shown] 

 

2

3721
4

r
r

dr

dA 
 −=  

When A has a stationary value, 

                 0=
dr

dA
 

0
3721

4
2

=−
r

r


  

                   
2

3721
4

r
r =  

                   3433 =r  

                     7=r  

 

32

2 7442
4

rdr

Ad
+=   (positive) 

 

Hence, the minimum value of A 

= 
7

3721
)7(2 2 

 +  

= 294  cm2 

 

22 (a)  Perimeter = 100 
10022 =+ yx  

    50=+ yx  

          yx −= 50  

 

A = Area of rectangle – Area of the two 

semicircles 
2rxyA −=  

2

2
)50( 








−−=

y
yyA   

4
50

2
2 y

yyA


−−=  

4

4
50

22 yy
yA

+
−=  

2

4

4
50 yyA 







 +
−=


 [Shown] 

 

(b) 






 +
−=







 +
−=

2

4
50

4

4
250


yy

dy

dA
 

When A has a stationary value, 

                  0=
dy

dA
 

0
2

4
50 =







 +
−


y  

       50
2

4
=







 +
y  

                   
+

=
4

100
y  

Width = 
+

=
4

100
y  cm 

 
yx −= 50  










+
−=

4

100
50x  





+

−+
=

4

100)4(50
x  





+

−+
=

4

10050200
x  





+

+
=

4

10050
x  

Length = 




+

+
=

4

10050
x  cm 

 

=
2

2

dy

Ad







 +
−

2

4 
 [negative] 

Hence, the value of A is a maximum. 
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Perimeter of the rectangle = 50 cm 
    5022 =+ yx  

        25=+ yx  

              xy −= 25  

Perimeter of the right part of the 

cylinder is equal to the length of the 

rectangle 
xr =2  

2

x
r =  
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Volume of the cylinder 

 hrV 2=  

y
x

V

2

2








=


  

)25(
4 2

2

x
x

V −













=


  

( )3225
4

1
xxV −=


 

 

( )2350
4

1
xx

dx

dV
−=


 

( )xx
dx

dV
350

4

1
−=


 

 

When V has a stationary value, 

0=
xd

Vd
 

( ) 0350
4

1
=− xx


 

3

50
=x  

 

3

25

3

50
25 =−=y  

 

( )x
xd

Vd
650

4

1
2

2

−=


 

When 
3

50
=x , 

 2

25

3

50
650

4

1
2

2

−=















−=

xd

Vd
 (< 0) 

Hence, the volume of the cylinder is a 

maximum. 

 

Length = 
3

2
16  cm 

Width = 
3

1
8  cm 

24   =V Area of triangle ABC   CD 

=V )10)((
2

1
x    5x 

)5(5 xxV =  

225xV =  

x
dx

dV
50=  

 

 

 

 

 

dt

dx

dx

dV

dt

dV
=  

02.050 = x  

02.0)5(50 =  

= 5 cm3s–1 

 

25 
22 rA =  + )12(2 r  

 
22 rA =  + r24  

  244 += r
dr

dA
 

 

dt

dr

dr

dA

dt

dA
=  

( ) 1.0244 +=  r
dt

dA
 

  1.024)4(4 += 
dt

dA
 

4=
dt

dA
 cm2s–1 

 

26  







= xxV

2

12  

3

2

1
xV =  

2

2

3
x

dx

dV
=  

 

When )(
2

1
42 2 xxxA 








= = 24x  

When 6001=A ,  

60014 2 =x  

  4002 =x  

    20=x  

 

dt

dx

dx

dV

dt

dV
=  

02.0
2

3 2 = x  

02.0)20(
2

3 2 =  

12=  cm3s–1 
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Using the ratios of similar triangles, 

7.05.0
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=  

    5.0
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=

h
r  

    hr
7
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=  

 

hrV 2

3

1
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hhV
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1








=   
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
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= 2
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1
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3
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2

49
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dh
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dt
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dh
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1.0
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1.0
)3.0)(142.3(25

49

2
=  
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28 (a) 25 −= xm  
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dx

dm
 

dt
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 (b)     25 −= xm  
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




 

x
dx

dy
y    
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Using the ratios of similar triangles, 
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=  

8
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V = hr2
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8

5

3

1
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x
x


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
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3

192

25
xV =  [Shown] 

 

 (b)  
dx

dV

x

V





 

x
dx

dV
V    

2

64

25
x= )408.4( −  

)08.0()4(
64

25 2=  

=0.5  cm3 
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x
y =  

5
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xdx

dy −
=  

When x = 3 

9

4

3

108

5
−=

−
=

dx

dy
 

 (a)    x
dx

dy
yy += originallnew  
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9
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3
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

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−+  
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

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
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