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Form 4 Chapter 4 

Indices, Surds and Logarithms 

Fully-Worked Solutions 
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             11n = 11 
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UPSKILL 4.2a 
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UPSKILL 4.2b 
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0)145)(5( =−− pp  
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145=p  is not accepted it does not 

satisfy the original equation. 
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(c) 
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5
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UPSKILL 4.3b 

 

1 (a) 893.1
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10
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3 ==  

 

(b) 057.3
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137log
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10
5 ==  

 

(c) 151.1
3.0log

25.0log
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2 81log125log 53   

5log
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125log
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10 =  
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4
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3
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10

10
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10 =  

= 43  

= 12 

 

3 (a) 30log 2  

( )532log 2 =  

5log3log2log 222 ++=  
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(b) 








6

5
log 2  

6log5log 22 −=  

)32(log5log 22 −=  
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2

2=  
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2

2




=  

= 
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22
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+

+
 

322.2585.1

585.11

+

+
=  

907.3

585.2
=  

= 0.662 

 

4 (a) 42log 5  

 = ( )732log 5   

= 7log3log2log 555 ++  

= cba ++  

 

(b) 1.2log 5  









=
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21
log5  













=

52
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log5  

5log2log7log3log 5555 −−+=  

1−−+= acb  

 

(c) 
25log

49

6
log

49

6
log

5

5

25 =  

2
5

55

5log

49log6log −
=  

2
5

2
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5log

7log)32(log −
=  

2

7log23log2log 555 −+
=  

2

2cba −+
=  

 

5        
rx 3=   

ty 3=  

rx =3log   ty =3log  

(a) 













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log

3

3
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=
4

333 3loglog3log −+ yx  

43 −+= tr  
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(b) 














5

3

9log
y

x
 

9log

loglog

3

5
3

3
3 yx −

=  

2
3

33

3log

log5log3 yx −
=  

2

53 tr −
=  

 

6 ra =11log   ta =7log  

r
a

1
11log =   

t
a

1
7log =  

 

)711(log77log = aa  

 = 7log11log aa +  

 
tr

11
+=  

 = 
rt

rt +
 

 

7  
xy

a
a

a

a
xy

log

log
log =

xyalog

1
=  

yx aa loglog

1

+
=  

24.026.0

1

+
=  

50.0

1
=  

= 2 

 

 

 

UPSKILL 4.3c 

 

1 (a)     75 =x
 

 7lg5lg =x  

5lg

7lg
=x  

209.1=x  

 

(b)             95 3 =+x  

   9lg5lg)3( =+x  

9lg5lg35lg =+x  

5lg

5lg39lg −
=x  

635.1−=x  

 

 

 

(c)     27.02.0 += xx  

  7.0lg)2(2.0lg += xx  

 7.0lg27.0lg2.0lg += xx  

( ) 7.0lg27.0lg2.0lg =−x  

7.0lg2.0lg

7.0lg2

−
=x  

7.0lg2.0lg

7.0lg2

−
=x  

5694.0=x  

 

(d)              312 57 −+ = xx  

    5lg)3(7lg)12( −=+ xx  

5lg37lg5lg7lg2 −−=− xx  

( ) 5lg37lg5lg7lg2 −−=−x  

5lg7lg2

5lg37lg

−

−−
=x  

9912.0

9420.2−
=x  

968.2−=x  

 

   (e)          ( )( ) 1352 2 =+xx
 

13lg5lg2lg 2 =+ +xx
 

13lg5lg)2(2lg =++ xx  

     5lg213lg)5lg2(lg −=+x  

5lg2lg

5lg213lg

+

−
=x  

=x  2840.0−  

 

2 (a) 3log26log 77 =x  

2
77 3log6log =x  

     96 =x  

       
2

3
=x  

(b)   25log
2

1
)2(log 33 =−x  

 2

1

33 25log)2(log =−x  

   52 =−x  

     7=x  

 

(c) 45loglog 33 =−x  

4
5

log3 =






 x
 

           43
5
=

x
 

           405=x  
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(d) 516log2log =+ xx  

532log =x  

        532 x=  

           2=x  

 

(e)  216log
2

1
3log2 =+ xx  

216log3log 2

1

2 =+ xx  

                     ( ) 249log =x  

                236 x=  

                  6=x  

 

(f) 5log3log332log210log xxxx ++=+  

   3
527

410
log =












x  

     3

27

8
x=  

        
3

2
=x  

 

3  (a)   )1(log1)13(log 22 ++=− xx  

1)1(log)13(log 22 =+−− xx  

1
1

13
log 2 =









+

−

x

x
 

12
1

13
=

+

−

x

x
 

2213 +=− xx  

       3=x  

 

(b)  )13(log1)12(log5log 222 ++=−+ xx  

1)13(log)12(log5log 222 =+−−+ xx  

1
13

)12(5
log 2 =









+

−

x

x
 

12
13

510
=

+

−

x

x
 

26510 +=− xx  

      74 =x  

        
4

7
=x  

 

(c) )5(log2)3(log 33 −−=+ xx  

      2)5(log)3(log 33 =−++ xx  

( ) ( ) 253log 3 =−+ xx  

22 3152 =−− xx  

02422 =−− xx  

   0)6)(4( =−+ xx  

4=x  or 6=x  

4=x   is not accepted. 

 6=x  

4 (a) 2log4log 99 =+ xy  

 2loglog 4
99 =+ xy  

 2log 4
9 =yx  

     814 =yx  

4

81

x
y =  

 

(b)   xy 33 log31log =+  

1loglog 3
33 −=− xy  

             1log
33 −=

x

y
 

1

3
3−=

x

y
 

  
3

3x
y =  

 

5  (a)  )3(log)1(log 525 −=− xx  

           )3(log
25log

)1(log
5

5

5 −=
−

x
x

 

           )3(log
5log

)1(log
52

5

5 −=
−

x
x

 

)3(log2)1(log 55 −=− xx  

2
55 )3(log)1(log −=− xx  

          
2)3(1 −=− xx  

         961 2 +−=− xxx  

       01072 =+− xx  

  10)5)(2( =−− xx  

2=x  is not accepted. 

5=x  

 

 (b)   xx 24 log)6(log22 =−+  

x
x

2
2

2 log
4log

)6(log2
2 =

−
+  

x
x

22
2

2 log
2log

)6(log2
2 =

−
+  

xx 22 log)6(log2 =−+  

2log)6(log 22 −=−− xx  

2
6

log 2 −=
−

x

x
 

4

16
=

−

x

x
 

xx =−244  

  243 =x  

8=x  
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6 (a)    xy 232 loglog =  

x
y

2
2

2 log
32log

log
=  

x
y

2
2 log

5

log
=  

xy 22 log5log =  

5
22 loglog xy =  

        
5xy =  

 

(b) 
2

1
loglog 39 =− xy  

2

1
log

9log

log
3

3

3 =− x
y

 

2

1
log

2

log
3

3 =− x
y

 

  1log2log 33 =− xy  

               1log
23 =

x

y
 

                      3
2
=

x

y
 

                        
23xy =  

 

7  000500)02.1(000400 t
 

  
4

5
02.1 t

 

 









4

5
lg02.1lgt  

            
02.1lg

25.1lg
t  

            27.11t  

12minimum =t  years 

 

 

UPSKILL 4.4 

 

1 000600)03.1(000450 t
 

45

60
03.1 t  











3

4
lg03.1lgt  

           
03.1lg

3

4
lg 









t  

          73.9t  

    10minimum =t  years 

 

 

 

2  0004)05.1(0002 t
 

205.1 t  

2lg05.1lg t  

           
05.1lg

2lg
t  

           21.14t  

      15minimum =t  years 

 

3  3000)92.0(5000 n
 

   
5

3
92.0 n  

6.0lg92.0lg n  

           
92.0lg

6.0lg
n  

           13.6n  

7minimum =n  years 

 

4  
2

o2.0
o

j
ej t =−

 

2

12.0 =− te  

)5.0(log2.0 et =−  

5.0ln2.0 =− t  

6931.02.0 −=− t  

      466.3=t  years 

 

5       3243 −=+−+ xxx  

( ) ( )22
3243 −=+−+ xxx  

32243243 −=++++−+ xxxxx  

     243293 ++=+ xxx  

( ) ( )2)43(493
2

++=+ xxx  

( )8103481549 22 ++=++ xxxx  

049143 2 =−− xx  

 

0)73)(7( =+− xx  

7=x  or 
3

7
−=x  

3

7
−=x  is not accepted. 

7=x  

 

6 2+= naxy  

The curve passes through the point (3, 7). 

Thus, x = 3 and y = 7. 

2)3(7 += na  

( )na 35 =  … (1) 

The curve passes through the point (9, 52), 

Thus, x = 9 and y = 52. 
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2)9(52 += na  

( ) n
a 2350 =  

( ) n
a 2350 =  … (2) 

)1(

)2(
 : 

( )
5

50

)3(

32

=
n

n

a

a
 

103 =n
 

10log3log 1010 =n  

3log

1

10

=n  

096.2=n  

 

Substitute 103 =n
 into (1). 

( )na 35 =  

)10(5 a=  

2

1
=a  

 

Summative Practice 4 

 

1 
7146

)1(2)42(3

22

22

−−

+−





nn

nn

 

=
7146221262 +−+++− nnnn

 

= 
32−  

8

1
=  

 

2 

2

5

2

3

122

2

3)32()32(

n

n

n

n
−

+ 
 

2

3
1

22

5
22

2 32

n
n

nn
n

n
−++−++

=  

12 32 =  

= 12 

 

3 ( )m
m

mm 32
3

3
33333 323 −














−−  

= ( )m3)29927( −−−  

= 7 ( )m3  

7=k  

 

4 
yy 232

93 =+
 

( ) yy 2232
33 =+

 

yy 432
33 =+

 

Equating the indices : 

       yy 432 =+  

0342 =+− yy  

0)3)(1( =−− yy  

1=y  or 3 

 

5          
13 −x = 

x336−  

           x
x

336
3

3
−=  

    363
3

3
=+ x

x

 

        ( ) 363
3

4
=x  

27
4

336
3 =


=x  

                 x = 3 

 

6    ( ) 250151255 12 =+ −+ xx
 

( )( ) 2501
5

5
12555 2 =














+

x
x  

          ( ) 25015)2525( =+ x
 

                            
50

2501
5 =x  

                            =x5 25 

                               2=x  

7  
1

52

9

1
27

+

− =
x

x  

( )   2

1
)1(2)52(3 33
−+−

= xx
 

Equating the indices: 

)1(156 +−=− xx  

       147 =x  

         2=x  

 

8  
cba 2052 == = k 

 

ka =2  kb =5   kc =20  

ak

1

2 =  bk

1

5 =   ck

1

20 =  

 

20522 =  

4

112

kkk ba =  

cba kk

112

=
+

 

cba

112
=+  

cab

ab 12
=

+
 

         
ba

ab
c

2+
=  
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9 (a) 
23

1

+
 

= 














−

−









+ 23

23

23

1
 

29

23

−

−
=  

7

23−
=  

 

(b) 














−

−















+

−

35

35

35

352
 

35

315152)5(2

−

+−−
=  

2

15313−
=  

 

(c) 














−

−















+

−

3223

3223

3223

3223
 

)3(4)2(9

)3(46666)2(9

−

+−−
=  

6

61230−
=  

625−=  

 

(d) 

( ) ( )22
21

1

21

1

−

+

+

 

2221

1

2221

1

−+
+

++
=  

223

1

223

1

−
+

+
=  

)2(49

223223

−

++−
=  

= 
1

6
 

= 6 

 

10 70log 2  = ( )752log 2   

7log5log2log 222 ++=  

qp++=1  

 

11 








7

1
2log3 = 









7

15
log 3  

 






 
=

7

53
log3  

 7log5log3log 333 −+=  

 qm−+=1  

12           rm 2=           tn 2=  

rm =2log   tn =2log  















16
log

2

2
mn

 

16
log

2

1

2
nm

=  

4
222 2logloglog

2

1
−+= nm  

4
2

1
−+= tr  

 

13 45log 8  

 
8log

45log

2

2=  

( )
3

2

2
2

2log

53log 
=  

2log3

5log3log2

2

22 +
=  

3

2 kh +
=  

 

14 baab 333 logloglog +=  

3log

1

3log

1

ba

+=  

= 
nm

11
+  

mn

nm +
=  

15 a21log
21log

1

a

=  

( )73log

1


=

a

 

7log3log

1

aa +
=  

qp +
=

1
 

16 u
x

=9log  

u
x

1
log9 =  

u
x

1
log

2

1
9 =  

   
u

x
2

log 9 =  

 

u
xx

6
log3log 9

3
9 ==  
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17           pa=3           qa=5  

pa =3log   qa =5log  

 

3

2
1log 3   

3

5
log3=  

 3log5log 33 −=  

 = 1
3log

5log
−

a

a  

 1−=
p

q
 

 
p

pq −
=  

 

18  75log 16  
16log

75log

2

2=  

( )
4

2

2
2

2log

53log 
=  

4

5log23log 22 +
=  

4

2qp +
=  

 

19               123 −x = 
x4  

    4lg3lg)12( xx =−  

3lg4lg3lg2 =− xx  

( ) 3lg4lg3lg2 =−x  

4lg3lg2

3lg

−
=x  

355.1=x  

20    53
)1(

3
log

=
+x

 

 5log)1(log 33 =+x  

51=+x  

  4=x  

 

21  117
11)1(log
=−x

 

11log11log 7)1( =−x  

71=−x  

 8=x  

 

22 ` 0)13(log2log9log 555 =+−+ xx  

0
13

)2(9
log5 =









+x

x
 

   15
13

)2(9 0 ==
+x

x
 

            1318 += xx  

            115 =x  

                
15

1
=x  

23 ( ) 2286log 2
10 =++ kk  

        22 10286 =++ kk  

        07262 =−+ kk  

     0)12)(6( =+− kk  

6=k  or 12−  

 

24   pp 24 log)6(log22 =−+  

p
p

2
2

2 log
4log

)6(log
22 =







 −
+  

p
p

2
2 log

2

)6(log
22 =







 −
+  

       pp 22 log)6(log2 =−+  

  2log)6(log 22 −=−− pp  

               2
6

log 2 −=






 −

p

p
 

                        22
6 −=

−

p

p
 

                        
4

16
=

−

p

p
 

pp =−244  

        243 =p  

          8=p  

 

25   32loglog 82 =− mm  

3
8log

2log
log

2

2
2 =−

m
m  

3
2log

2log
log

3
2

2
2 =−

m
m  

3
3

2log
log 2

2 =−
m

m  

92loglog3 22 =− mm  

92loglog 2
3

2 =− mm  

            9
2

log
3

2 =














m

m
 

                        
9

2

2
2

=
m

 

                        102 2=m  

                                 ( )2
1

102=m  

                                  32=m  
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26 2log2log 93 += BA  

  2
3log

log
2log

2
3

3
3 +=

B
A  

  2
2

log
2log 3

3 +=
B

A  

4log2log2 33 += BA  

4log2log2 33 =− BA  

( )
4

2
log

2

3 =
B

A
 

4
2

3
4

=
B

A
 

81
4 2

=
B

A
 

4

812 B
A =  

2

9 B
A =  

 

27    7loglog 24 =x  

7log
4log

log
2

2

2 =
x

 

7log
2log

log
22

2

2 =
x

 

 7log
2

log
2

2 =
x

 

 7log2log 22 =x  

2
22 7loglog =x  

        49=x  

 

28  0loglog 39 =− xy  

           x
y

3
3

3 log
9log

log
=  

           x
y

32
3

3 log
3log

log
=  

            x
y

3
3 log

2

log
=  

            xy 33 log2log =  

            
2

33 loglog xy =  

                    
2xy =  

 

29 22log0241log =− n
nn  

  2

log

2log
0241log

2

1
=−

n

n

n

n
n  

22log20241log =− nnn  

              2
4

0241
log

2
=









n
n  

                          
2

2

256
n

n
=  

                            2564 =n  

                              4=n  

 

30 (a) 150log 2  

( )2
2 532log =  

5log23log2log 222 ++=  

kh 21 ++=  

 

(b) 








9

125
log 4  

4log

3

5
log

2

2

3

2 













=  

2
2

2
2

3
2

2log

3log5log +
=  

2

3log25log3 22 +
=  

2

23 hk −
=  

 

31 (a) 84.0log 5  

25

21
log 5=  








 
=

25
5

73
log  

2
555 5log7log3log −+=  

2−+= qp  

 

(b) 
7log

315log
315log

5

5
7 =  

( )
7log

753log

5

2
5 

=  

7log

7log5log3log2

5

555 ++
=  

= 
q

qp ++12
 

 

32   yx 327 1 =+  

yx 33 )1(3 =+  

  yx 33 33 =+  

Equating the indices: 

yx =+33  … (1) 

                    )1(log2log 33 −+= xy  

2)1(loglog 33 =−− xy  
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2
1

log3 =








−x

y
 

           23
1
=

−x

y
 

                )1(9 −= xy   

                99 −= xy … (2) 

 

Substitute (1) into (2) : 
=−99x 33 +x  

      126 =x  

        2=x  

 

From (2) : 99)2(9 =−=y  

 

33                   9log 3 =xya  

   9log3log =+ yx aa  

  9log3log =+ yx aa  

Let mxa =log  and kya =log  

93 =+ km  …  

       km 39−=  … (1) 

            8log 2 =yxa  

8loglog 2 =+ yx aa  

8loglog2 =+ yx aa  

Let mxa =log  and kya =log  

82 =+ km  … (2) 

 

Substitute (1) into (2) : 

8)39(2 =+− kk  

   8618 =+− kk  

   8518 =− k  

          8185 −=k  

          105 =k  

            2=k  

From (1) :  

km 39−= = 3)2(39 =−  

 

        2=k  

2log =ya  

 
       3=m  

3log =xa  

 

xyalog  

( )
2

1

log xya=  

= ( )yx aa loglog
2

1
+  

= ( )23
2

1
+  

= 
2

5
 

 

34         3)1(log4)142(log3 168 =+−+ xx  








 +
−







 +

16log

)1(log
4

8log

)142(log
3

2

2

2

2 xx
= 3 

3
2log

)1(log
4

2log

)142(log
3

4
2

2
3

2

2 =












 +
−













 + xx
 

  3)1(log)142(log 22 =+−+ xx  

                     3
1

142
log 2 =









+

+

x

x
 

                                 32
1

142
=

+

+

x

x
 

                                  88142 +=+ xx  

                                          6x = 6 

                                            x = 1 

 

35 (a) yxyx 222 loglog3)(log2 ++=+  

yxyx 22
3

2
2

2 loglog2log)(log ++=+

  ( )xyyx 8log)(log 2
2

2 =+  

         xyyx 8)( 2 =+  

xyxyyx 8222 =++  

         xyyx 622 =+  [Shown] 

 

(b)  
( )
2
1

5log

39 5)63(loglog =−x  

 
2

1
)63(loglog 39 =−x  

        2

1

3 9)63(log =−x  

        3)63(log 3 =−x  

            3363 =−x  

            2763 =−x  

                 333 =x  

                   11=x  

 

36   a
x

=9log  

a
x

1
log9 =  

a
x

1
log 2

1

9 =  

a
x

1
log

2

1
9 =  

   
a

x
2

log 9 =  

 

by =3log  

b
y
=

9

9

log

3log
 

xa
xa =

log
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b
y

=
9

2

1

9

log

9log
 

b
y
=

9log2

1
 

b
y

2

1
log9 =  

 

yxxy 99
2

9 log2loglog +=  

 







+=

ba 2

1
2

2
 









+=

ba

12
 

= 
ab

ab +2
 

 

37  

Smart Strategy 

If RHS is more complicated than 

the LHS, it is more appropriate to 

proof that RHS is equal to LHS. 

 

RHS 

 = yx 44 log2log2 +  

 
4log

log2

4log

log2

2

2

2

2 yx
+=  

 
2

2

2
2

2

2

2log

log2

2log

log2 yx
+=  

 
2

log2

2

log2 22 yx
+=  

 yx 22 loglog +=  

 = xy2log  

 = LHS 

 

Let fx =4log  and gy =4log  

yxxy 442 log2log2log +=  

  = gf 22 +  

 

 10log 2 =xy  

1022 =+ gf  

    5=+ gf  … (1) 

 

2

3

log

log

4

4 =
y

x
 

        
2

3
=

g

f
 

        gf
2

3
=  … (2) 

 

 

Substitute (2) into (1) : 

5
2

3
=+ gg  

       5
2

5
=g  

          2=g  

   2log 4 =y  

           1642 ==y  

From (2) : 

gf
2

3
= = 3)2(

2

3
=  

                 3log 4 =x  

                         34=x  

                         64=x  

 

38 2loglog)13(log 2
9

2
33 =+−+ xxx  

    2
9log

log
log)13(log

3

2
32

33 =+−+
x

xx  

     2
2

log
log)13(log

2
32

33 =+−+
x

xx  

 4loglog2)13(log2 2
3

2
33 =+−+ xxx  

    4loglog)13(log 2
3

4
3

2
3 =+−+ xxx  

( )
4

)13(
log

4

22

3 =
+

x

xx
 

        
( ) 4

4

22

3
)13(

=
+

x

xx
 

               
22 81)13( xx =+  

          22 81169 xxx =++  

        01672 2 =−− xx  

   0)112()16( =+− xx  

        
6

1
=x  or 

12

1
−=x  

12

1
−=x  is not accepted. 

6

1
= x  
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39 110132 =+−+ xx  

110101322132 =++++−+ xxxx  

0101322223 =++−+ xxx  

101322223 ++=+ xxx  

)10)(132(44841329 2 ++=++ xxxx  

)130332(44841329 22 ++=++ xxxx  

52013284841329 22 ++=++ xxxx  

0362 =−x  

                  6=x  

 

40     

nt

n

r
PMV 








+= 1 = 1 077 484 

4840771
4

1000800

)5(4

=







+

r
 

346855.1
4

1

20

=







+

r
 

20

1

346855.1
4

1 =+
r

 

015.1
4

1 =+
r

 

015.0
4
=

r
 

=r 0.06, i.e. 6% 

 

41 3000)95.0(6000 n
 

     5.095.0 n  

 5.0lg95.0lg n  

95.0lg

5.0lg
n  

51.13n  

14minimum =n  years 

 


