Form 5 Chapter 3
Integration
Fully-Worked Solutions

UPSKILL 3.2a

1(@) J' ~10dx
=-10x+cC
(b) O dx

=0x+cC
=C

© j dx

=1x+c
=X+C

) jﬁx dx

6x2
=—+¢C
2

= 3x%4¢

(e) IGXZ dx
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2 (a) J.(Sx +3x2 )

5—+3i—4x+c
5 3
Six3_4xac

(b) J'( X +—jdx
_J(2x3+1x 3jdx
5 4
x4 1 x72
=——+=—| — |+C
20 4| -2
x4 1

=——-——F-+4C
10 8)(2
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4
© 1(3—?+X—ij dx

= J.(C-’>—4x_2 +6x_3) dx

) I(u%-%}dx

:J'(2+4x—2—3x4‘)dx

3(a) .[2x2(4x—6) dx
:j(8x3 —12x2)dx

gx* 12x°
=——-—4cC
4 3

—2x* —4x34¢
(b) j (3x+2)(2x~1) dx
:J.(6x2 +x—2) dx

6x° X2
=——+4+——-2X+C

3 2

2

:2x3+x?—2x+c

© I (2-3%)2 dx
- I(4—12x+9x2) dx

—4x—6x° +3x3+¢C
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X8 +4x4 +4
:I 4 dx
X
= I(x4+4+4x_4) do

x° 4x73
=—+4X+——+C

5 -3

5
=X—+4x—i+c
S 3x3

(b) J‘W dx

=J-[xzx—216J "
- fL-16x2) dx

16x7*

16
=X+—+C
X

=X

+C

3x3-3x%2+ 4
© [

X2

:J.(Sx—3+4x‘2)dx

dx

3x2 4x7t
=——-3X+——+C¢C
2 -1
2
=3L—3x—£+c
2 X
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UPSKILL 3.2b

1 (a) I(2x+1)4 dx
_(@x+)°
52)

(2x+1)5
10

+C

(b) I (2-x)2 dx
(2-x)*
4(-1)

4
__2=x" .
4

+C

© j 4(3x-2)5 dx

4(3x-2)8
6(3)

2 6
=—(3x-2)" +c
5 3-2)

1 3
) .[3[§X_4) dx
4
=
_q\2 )

+C

© j 2(3x—2)72 dx

_2Ax-7
~13)

=—§(3x—2)’1+c

® j 2(4-3%)® dx

2(4-3%)°
- -5(-3)

2 -5
=—(4-3x) " +c
15 (43
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1
2 @) I(SX—4)2 dx

- [ ex-4) ox

Cx-47t
e
1

=— +c
3(3x—4)

+C

-2
d
b)«[ (2x-3)* g
:J‘—z(zx—s)—4 dx
_—2(2x-3)7® e
=32
_ 1
3(2x-3)°

+C

3
d
° I @x—3°
- J.3(4x ~3) % dx
_3(4x-3)7
-39
1

=— 3+C
4(4x—3)

5
@ «[ (4-3x)° o

:I5(4—3x)_3 dx

_ 5(4-3x)72

- —2(-3)

5
6(4 —3x)?

© I 46 i x)° o
_ J’ 3(6-— x)’5 dx
4
3(6-x)7"
A(-4)(-D)
3
T 16(6-x)*

+C

+C
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2
—c d
I 3(4-2x)2 "

-2
:J'2(4—2x) dx
3

_2(4-2x)7"
3(-1)(-2)
1
=———+¢C
3(4-2x)

UPSKILL 3.2c

1 W x2(4x—3)
dx

y:J.(4x3 —3x2) dx

ax* 3x8
=———+cC

4 3

4 3

y=x"—-x"+c

Since the curve passes through the point
(2,5),thusx=2andy=5.
5-2%_2%4¢c

c=-3

Hence, the equation of the curve is

y=x4—x3—3.

dy
2 2 _(2x—
i (2x 4) dx

y:J.(Zx—4) dx

2x?
=———4x+cC
Y 2
y= X2 —4x+c
Since the curve passes through the point (3,
0), thusx=3andy = 0.
0=32-4(3)+c
c=3
Hence, the equation of the curve is
y= X2 —4x+3.

y=—=+X+C
X

Since the curve passes through the point
(1,8),thusx=1andy=38.
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8:—3+1+c
1

c=9
Hence, the equation of the curve is

y:—g+x+9.
X

4 dy = 3x2(x +1)
dx
y= J.3x2(x +1) dx

y=I(3x3+3x2) dx

x* 3x8
y=—m+——+¢C
4 3

¥4

3
==——+x°+cC
y 4

Since the curve passes through the point
(1,2),thusx=1andy=2.

4
2=%+13+C

c==
4

Hence, the equation of the curve is
Xt 51
y=—+x"+=.
4 4

dy 1
5 L= 5
dx  (2x-1)

1
= d
y I(2x—1)2 g
y :J.(Zx—l)‘2 dx

Cex-pTt
RTE
-1
Y= 2x )

Since the curve passes through the point
(2,1),thusx=2andy=1.
SN
2[2(2) -1
1:—£+c
6
7
c=—
6
Hence, the equation of the curve is
1 7
y=-— +—.
2(2x-1) 6
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6 ﬂ:Zx—4
dx

y:I(Zx—4) dx

y:x2—4x+c

For minimum value,
&g
dx
2x—-4=0
X=2

The minimum value is 3.

This means that the value of y=3.

3=22-4(2)+c
c=7

Hence, the equation of the curve is
y= X2 —4x+7.

UPSKILL 3.3a

1(@) J'O3 (2x3—2x—1) dx

3
|22
4 2
3
4
%ﬁaﬁ
L 0
4
_3?—32—3—0
_o7
2
(b)J' [3x2+x+—) dx
_ X2

2 2
=13 +1__1_l:(_1)3 (_1)
2 1 2
_11
2 2
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(c) .[02 (3x-1) (x2 +1) dx

= J-OZ (3x3 +3x—x2 —1) dx

2
{3x4 2 X3 }

42 3
0
4 2 3
-3, 83 2,
4 2 3
~131
3

2 35342
(d) J’l — dx

=J.12(3+2x‘3)dx
={3x+ ZX_Z} 2
-2 1

2
o]
X" 11

=32)- - (3-)
2

_15
4

(e) J.OZ x(x+3)(x-3) dx

2 o

=j02 (2~ 9x) ax

2
X9
4 2

0
4 2
_2 9@
42
—-14
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(@) IOZ (2x+1)% dx

[ ex+n?]

L 4(2) 40
Tex+nt]
|8

L 40
51
8 8
=78
11

(h) Il(s—xﬁ dx

1
f4@—n4dx
5]

200 |

1 1
_{ZG—xf}l
_ 11

2(3-1)% 2(3+1)>?
11
8 32
_3
32
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Il
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—_—
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w
|
S
>
N
+
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>
Z_
o
x

4 3
L 0
4 3
_2 AT a2
23
_4
3

()

—
N
R
w
| I
N
>
3]
+
N
| o
x

3 -2
2
2x3 1}
S¥e e
L X 1
2.3 1 2
=32)-=(2°-=-|3-2-1
@-3@°- ( 5 j
5 4
12 3
__u
12

6
2 (@) jzsf(x)dx

= 5j; f(x) dx

=5(4)
=20

®) [~ 100] ox

:jfsdx—j;fu)dx

~[5x]5 -4
= 5(6-2)—4
=16
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© j; f(x) dx
_ s
_—J'2 f(x) dx
=4

(d) jjf (x) dx+J.:f ) dx+j46f (x) dx
= j; f(x) dx
=4

3(a) I: g(x) dx —_[j g(x) dx

=j: g(x) dx +j; g(x) dx
=6+8
=14

®) [ [9(x)+2x] d

7 7

:'[2 g(x) dx+j2 2x dx

_ 2|7
=6+8+ [x ]2
=14+ 7222
=59

(©) _[423 g(x) dx +.[47 2g(x) dx

= —BIZ g(x) dx+2J‘47 g(x) dx

= —3(6) +2(8)
=2

(d) j: [9(x) +kx]dx =10
I: g(x) dx+j:kxdx=10
6+g[x2]g=10
et

g><12=4

2

k=2
3
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X
4 = —
y X+4

dy _ (x+4)0)-x()
dx (x+4)?
dy 4

vl W [Shown]

4

= d

y I(><+4)2 "
3 16

4[y]gzj _16

2 (x+4)2

3
3
4[L} :I 16 3 dx
X+4], J2 (x+4)

I3 16 { X T‘_
X=4|——| =
2 (x+4)° x+4 ],
:4(§_§j
7 6
_8
2
v
dy _ 6-x)@)—x(=1)
dx (5-x)?
dy 5
&_(5—X)2 [Shown]
y:j > dx
(5-%)°

1 3 13 5
~[yE== -2 d
10 [y]l 10-[1 (5—x)2 X

3 1 1 x 1°
[Pt e= A

1 2(5-x) 10{5-x]4
_L(E_l

10(2 4

1

8
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6 %=4f(x)
y:4If(x) dx
1y=jf(x)dx
j f(x) dx = []f

{3x2—11
{3(2)2 -1 3Q) —1}

_1
4

4.,
2

[N

1
"
1
4
7
8

d X _
7 &[Xz _3] =9(x)

X p—

x 1% (2
ERERr

—311

3
1
2

UPSKILL 3.3b |

1 (a) Area of the shaded region
4
= d
Jye

- Ii 1+ X)(4—x) dx
:j_i (4—x+4x—x2)dx

:Jj (4+3x—x2)dx
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= 20E units?
6

(b) Area of the shaded region

:j13 y dx
=J.13 (X+x£j dx
=Lg (x+2x’2)dx

it

(c) Area of the shaded region
2
= dx
-1 y

=J2 (x-1)2 dx

2]
()

= 3 units?

2 (a) Area of the shaded region
2
= dx
[y

= fz(x+2)(x—2) dx

= '[_22 (x2 —4) dx
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:102 units?
3

(b) Area of the shaded region
3
= Jo y dx

= IOB (x—3)® dx
fis
an |,

42

_& units?
4

3@ y=x(x+2)(x-1)
=X (x2 +x—2)

=x3+x% -2x

Area of the shaded region
=1% (X3+x2—2x) dx + |jé (x3+x2—2x) dx|

_8. |32

3 12

= 3i units?
12

(b) y=x@+x)(4-X)
y= x(4+3x—x2)

y =4x +3x°-x3
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Area of the shaded region

:| % (4x+3x2—x3) dx| + J’;(4x+3x27x3) dx

470 474
| P N a3 X
4 4
-1 0
_ 0—(2—1—%
4

3 +32

44
+2(16)+64_T_0

= 32§ units?
4

(c) Area of the shaded region

=J.3 (3+ 2x—x2)dx + r (3+2x—x2)dx
0 3

3 4
3 3
= 3x+x27X— + 3x+x27X—
3 3

0 3

2 64 2 27
3(4)+4 —?—|:3(3)+3 —?:| ‘

=9+9-9+

9
3

=9+

20‘

:9+Z
3

—112 units?
3
4 (a) Area of the shaded region
3
- I L Xy

= J.i (Sy2 + 2)dy

3
3y3
=|—=+2
-1

3
=[y3+2y]_1
=27+6 —(-1-2)
= 36 units®
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(b) Area of the shaded region
3
= J‘o x dy

_[3y2
=[ v’@-ydy

=j§(3y2—y3)dy

= 33—i
4
= 6= units?

5 (a) Area of the shaded region
3
= '[ L X dy

_ _9_§‘
3
= _102‘
3
= 10g units?
3
(b) x=y(y+D)(y-1
x:y(y2 —1)
k=)

Area of the shaded region

=f_01 (v2-y) ay+ f; (v-y) dy‘
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10

6@ (i) y=—x+4 (D
y=4+3x-x> ...(2)
Substitute (1) into (2) :
—X+4=4+3x-X?

X2 —4x=0
x(x—4)=0
x=0or x=4

At the turning point, x=0,
y=-—0+4=4

At the turning point, x = 4,

y= 4+4=0

Thus, the coordinates of the points P
and Q are (0, 4) and (4, 0) respectively.

(ii) Area of the shaded region
= (Area under the curve from x =0 to x
= 4) — (Area of the triangle from x =
Otox=4)

4 9 1
= [ (4+3x=x?)dx — >x4x4
0 2

4

2 .3
{mﬁ_x_} 8
2 3
0
3, .0 4
—44)+24)2 -2 _3
( )+2( ) 3
3
:10g units?
3
(b) (i) y=21 - (1)
y:10x—x2 ...(2
21=10x—x°
x2 —10x+21=0
(x=3)(x-7)=0
Xx=3o0r x=7

Thus, the coordinates of the points P
and Q are (3, 21) and (7, 21)
respectively.

(ii) Area of the shaded region
= (Area under the curve fromx = 3
to x = 7) — (Area of the rectangle
fromx=3tox=7)

= JZ (10x—x2) dx—(4x21)

3 3
_ {5(7)2 _%—[5(3)2 —%H 84
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=(g—3ej—84
3
=102 units?

3

(c) (i) x=9 . (D
y2=4x ... (2)
Substitute (1) into (2) :
y? =4(9) =36
y=16
Thus, the coordinates of the points P
and Q are (9, 6) and (9, -6)
respectively.

(ii) Area of the shaded region
= (Area of the rectangle from y
=-6toy = 6) — (Area between the
curve and the y-axis fromy = -6 to

y =6)
—12x9 _ [° y2d
e _J.—GT y

6
3
=108 | L

—6

o]

=108 (18 + 18)
= 72 units®

d) (i) y=4x+1

(D)
y=x°+5 (2
Substitute (2) into (1) :
X2 +5=4x+1

X% —4x+4=0

(x-2)(x-2)=0
X=2

From(1): y=4(2)+1=9
Thus, the coordinates of point Q are

(2,9).

y=4x+1

At the y-axis, x = 0.
y=40)+1=1

Thus, the coordinates of point P are
(0, 2).

(if) Area of the shaded region
= (Area under the curve fromx =0
to x = 2) — (Area of trapezium
fromx=0tox =2)

- [ (x2+5)—%(1+9)(2)

© EPH Publishing (M) Sdn. Bhd. (199801017497) 2025

11

7@ ()

2
3
= {X—+5x} ~10
3
0

= §+10—1O
3

_8 units?
3

y=x+3...(1)

y=2x2...(2)
Substitute (2) into (1) :
2x2 =x+3
2x% —x-3=0

x=§ or x=-1
2

X :g is not accepted.

sox=-1

From(1): y=-1+3=2

Thus, the coordinates of point Q
are (-1 2).

y=x+3

At the x-axis, y = 0.

y=x+3

0=x+3

X=-3

Thus, the coordinates of point P are
(-3,0).

(ii) Area of the shaded region

(b) (i)

= (Area of the triangle from x = -3 to
x =-1) + (Area under the curve
fromx=-1tox=0)

0
=1><2><2+J‘ 2x2 dx
2 1

o)
~2+2[0-(-1)

:2+g
3

:2E units?

3
y=—X+6 1)
2x=(y-2>" (2

Substitute (1) into (2) :
2X = (-x+6-2)?
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2x=(—x+4)2
2x=x2 -8x+16

x? —10x+16=0
(x-2)(x-8)=0
x=2 or x=8

x =8 is not accepted.
SX=2

From(1): y=-2+6=4
Thus, the coordinates of point Q are
(2,4).

X+y=6
At the y-axis, x = 0.
0+y=6
y=6
Thus, the coordinates of point P are
(0,6).

(ii) Area of the shaded region
= (Area between the curve and the y-
axis fromy=2toy=4) + (Area
of the triangle fromy =4 toy = 6)

j (y 2) dy + 1><2><2
2 2

Jo-271",,
200 |,

=%(23—o)+2

~10 iits?
3
8 Area of the shaded region = 81
k
Io y dx =81
k .3
[ 4 dx=81
0
k
[X4]0 :81

k*-—0=81
k=3

w|

9 Area of the shaded region =

kady

y_d:
8

B

1
3
1
3

O
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10 Area of the shaded region
:J'Og [(—2x2+6x) - (x2—3x)] dx

= Ij (—3x2 + 9x) dx

3
2
:{_X3+9L]
2
0

:(—33+%><32—0]

= 13l units?
2

11 Area of the shaded region
17, [be ) - 1)

:J‘: (x3—x2—x+1) dx

UPSKILL 3.3c

1 (a) Generated volume
4.2
—7Z'I1 y< dx

:ﬂj“(ﬂfd
J‘4 16

=7

:ﬁfl 16x72 dx

4
{mx‘l}
=7
1
1

Success Plus Additional Mathematics SPM



|

16

(-19)

=127 units®

(b) Generated volume

(c) Generated volume
= 7[_[_21 (4— X2)2
= ﬂji (16—8x2 + x4) dx

2
3 5
=7 16X—8i+x—
3 5
64 32 [16+"_ﬂ

—7{32——
= 1—537r units?
5

(d) Generated volume
02 2
= ﬂ_fo (x 3x) dx

= ﬂjoz (x4 —6x° +9x2) dx

X

5

5

X5

4

r 2
5 x4 9X3}
_+_

2

3
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— 3 4 2
=7 ——L+3x3}

0

_[32_3a6) 36 0}
5 2

2 .
=22 units®

13

(e) Generated volume

- ﬂjj x—22]* ax

o]
50) |,

(f) Generated volume
=z .[i y2 dx
2

1 1 2
=7z_fl (4x——j dx
2 X

= 7Z'J.i (16x2 -8+ x’z) dx
2

- 1
16x° NG
=7 —8X+—
3 -1
a 2
1
16x 1
=7
3 X |1

2 (a) Generated volume
2 2
-ﬂ_[o X< dy

1
Sl
/_\T
D <
’o‘n‘m
N
| E— |
N
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(b) Generated volume
_ [t 2
_7zJ.0 X< dy

- ﬂj; [(y—l)z]2 dy

= [} (y-1)* dy

1
:ﬂ{(y—l)s}
50 |,

= 17[ units®
5

(c) Generated volume
1.2
—7Z'I0 X< dy

:ﬂJ.;(yZ—Z )2 dy

=7rI()2 (y4—4y3+4y2) dy

2
5 3
:,{v__yui}

5 3
0

232 16:32 ¢
5 3

= E7r units®
15

(d) Generated volume
2 2
= ﬁjl X< dy

2yt
—ﬂjl (%]dy

2
5
=77 —y
180}
L 1

25 1
:7[ S —
180 180 |,

= ﬂ7z units®
180
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(e) Generated volume
9
=x[, ©-y)dy

9
2
y
= 9 —_——_—
0
= 7{81—&)
2

= g7z units®
2

(f) Generated volume
_[%2
—7Z'I0 X< dy

AN AR

=7rI03 [(y-3)*|ay

:7{(3/—3)13
50) |,

3 Generated volume = 7
ko2 o _
ﬁjl yedx =&

J k{_—'ZXHJZ dx =1

1 2

jk M dx=1
1 4

k
j (2x+1) dx=4
1

k
[x2+x]1 =4
k?+k—(1+1) =4
k?+k-6=0
(k+3)(k-2)=0
k=-2or k=2
k =—2 is not accepted because k has

to be positive.
~k=2

14
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4  Generated volume =

3

3

—_—

~ s
>

N

o
<
1l

NI© o v

3

—)
X/\J}
~
|

<
N
(=8
<
Il

4

2
y 9
4y—2 | ==
{y 2} 2

2 2
PTZs e PO S B
2 2 | 2

2
8—4k+k——g=0
2 2
16-8k +k?>-9=0
k?—8k+7=0
(k-7)k-1)=0
k=7 or k=1
7 is not accepted because k < 4.
=1

k:
-k

5 Generated volume =2 7

k 2
7Z'I x“dy =27
2

I:(V—Z)dy=2

K2
Z__2k-(2-4)=2
-2k (2-4)
2
I(——2k+2:2
2
k?—4k =0
k(k—4)=0
k=0 or k=4
k =0 is not accepted.
~k=4
6 y:E
X

At the turning point, y :% ,
4_8

3 X
4x =24

X=6
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15

Generated volume
= (Volume generated by the curve from x
=2 to x = 6) — (Volume generated by

y=% fromx =2to x = 6)
6 8 2
= ﬂ'J. (—j dx — (Volume of cylinder
2 (X

generated with a radius of % units and a
height of 4 units)
6 2 2
= ﬂj 64x “dx — zr<h
2

r 6
64x L 4\?

I 64}6 64
=7xl-—| +—rx
X1, 9

[ 64 64| 64
=nl-——-|-——=||-—=7
S22

_128  units?
9
7@ y=6x-— X2

Yy =6-2X
dx
At maximum point,
CY
dx
6—2x=0
x=3

At the turning point x =3,
y=6(3)-32=9

Thus, the coordinates of the maximum
point are Q(3, 9).

(b) Generated volume
= (Volume of the cylinder generated by
the straight line y = 9 from x = 0 to x
= 3) — (Volume generated by the
curve fromx =0to x = 3)

= ﬂrzh—nIOS (6x—x2)2 dx

— 7923 -7 J 03 fa6x2 ~12x° + x*) dx

3
36x° 12x* X°
4 5

0

:2437;—7{———+—
3
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3

36x 12x* X°
3 4 5

:243;;—7{———+—
0

= 2437 — 7{12(3)3 ~33)* +§—o}

224372'—%72'
5

=@ﬂ' units®
5

y=i .. (D
X

y=-2Xx+6 ... (2)

Substitute (1) into (2) :

i=—2x+6

X

4=-2x% 1+ 6x

2x2 —6x+4=0
x2—3x+2=0

(x-D(x-2)=0

x=1or x=2

| &

At the turning point, x=1, y=—=4

[~

At the turning point, x=2, y=—=2

2
Thus, the points of intersection between
the straight line and the curve are (1, 4)
and (2, 2).

The straight line y =-2x+6 intersects
the x-axis at (3, 0).

(Volume generated by the curve from x =
1to x =2) + (Volume of the cone

generated by the straight line from x = 2
tox=3)

2 2
= ﬁj (ﬂj dx+17rr2h
1 \X 3

:;,LZ fi6x2) dx+%7r(2)2(3—2)

_1 2
16X 4
=7 +—7
-1 ) 3
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9 Generated volume
= (Volume of the cone generated by the
straight line fromx=0tox=2) -
(Volume generated by the curve from x =
ltox=2)
2 2 9
zrch - ﬂjl y< dx

2W2Q2) -1 Lz (x—1) dx

==z units®
6

10@y=3x+6 ...(1)
y=16—-x*...(2)

3x+6=16—x°
x2 +3x-10=0
(x-2)(x+5)=0
x=2 or x=-5
x =-5 is not accepted.

SX=2

At the turning point, x=2,y =3(2) +
6=12

Thus, the coordinates of point P are
(2, 12).

(b) The straight line y = 3x + 6 intersects
the y-axis at (0, 6).
The curve y = 16 — x? intersects the
x-axis at (4, 0).

Avrea of the shaded region

= (Area under the straight line from
X =0to x = 2) + (Area under the
curve fromx=2tox =4)

- %(6+12)(2)+I24 fi6-x2) dx

3 4
:18+{16x—x—}
3

2

:18+{16(4) —4—33—[(16)(2) —%H

3 3

=9 units?
3
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(c) The y-intercept of the curve 2 (a) Sphere with a radius of 7 cm

=16—x? is 16.
y (b) Volume of sphere
Generated volume _ ”I7 X2 dy
16 2 -7
= ﬂj X< dy ;
12 :”I (49—y2) dy
16 _7
= j' #(16—y) dy ) 7
12 y
) 16 =TT 49y—?:| :
:7{16y—y7:| ~ -
3 o3
L = 7| 49(7) L —| (a9) (—7)——( 7)
162 122 3 3
= 7/ 16(16) - —— |- 7] 16(12) - == L
2 2 686 ( 686
:72' —— —_——
3 3
=1287 —-120 7 1
=8 7 units® = 457§7r cm?
dar 1
g 3ICH CHE

At the turning point, T is a maximum,

dT , 1
dt I( tzj

1 _ _[(2_+-2
S 4-1=0 —j(t t )dt
t=14 _t3 t_1+c
2 = -
d—;_r:—1 (Negative) 3 -1
dt 2 IR
Thus, T is a maximum. = §+E+C
dT 1
b) — ==(14-t 1+xa-x)
(0) =541 > 40020
T:%I(M—t) dt 1
2 _j x4 o
T—1 14t—t— +C 4 -2
2|72 = [ —x?ax
Given that T = 25 at the turning point x3 x1
where t = 8, = _—3—_—1+c
1 8? 101
25=={14(8)—— |+cC - 4=
2( ) 5 J ~ e
25=40+c
c=-15 3 J’ 10 3dy
1 t2 (5-2y)
Thus, T ==|14t—— |-15
2 2 = j 10(5-2y)3dy
At the turning point where t = 14, the P
maximum value of T - O[(5—ZY) }Jrc
2 -2(-2)
. 3{14(14)&}15 )
2 2 N B
=34 2(5-2y)

17
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3
d
«[ 1+2x)* g
= I 31+ 2x)_4 dx

13a+20)72 e
-3

1 -3
= —E(1+2x) +cC

But the given integral is k(1+2x)" +c.

By comparison, k:—% and n=-3.

d
5 [f0]=4909
f(x):4J‘g(x) dx

jg(x) dx:%[f(x)]+c

6 (a) dy =kx-5
dx

y:j(kx—S) dx

2
X
y > 5X+cC
The curve passes through the point (1,
-1),thusx= landy=-1.
—1:5—5+c
2
-2=k-10+2c
k+2c=8 ... (1)

The curve passes through the point (0,
3),thusx=0andy=3.

kx2
=——-5x+cC
y 2

3=0-0+c
c=3
From(1): k+2(3)=8=k=2

(o) ﬂz 2x-5
dx

y='|.(2x—5) dx

y:x2—5x+h

The curve passes through the point (0, 3),
thusx=0andy = 3.

3=0-0+h

h=3

Thus, y= x> —5X+3

18
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7 () y=2x+k
dx

y:J‘2x+k

y=x2+kx+c

The turning point is (1, 4).

ay =20 +k=0

dx

k=-2
(b) The curve passes through the point (1,

4), thusx=1andy=4.
y= x2—2x+¢
4=12-2(1)+c
c=5

Thus, the curve intersects the y-axis at
the point (0, 5).

8 Gradient of normal =

—2X
Gradient of tangent = —(3—2x) .
L =-3+2X
dx

y :j(—3+ 2x) dx

y=—3x+x2+c

The curve passes through the point (3, 4),
thusx=3andy=4.

4=-33)+3%+cC

c=4

Hence , the equation of the curve is
y =-3x+ x2+4,

9 (a) Gradient of tangent
2-0

4-2

1

dy
b he A |
(b) i«

1
—x+p=1
> p

1

Z@+p=1

S@+p
p=-1
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11 (a) ﬂ:2x+4
dx

1 y:I(2x+4)dx
y:sz—x+c

y:x2+4x+c

The curve passes through the point Given y =7 at the turning point, x = 1,

(4,2),thusx=4andy=2.

12
2:1(4)2_4“: 7=1"+4Q) +c
4 c=2
2=4-4+c The equation of the curve is
c=2 _ 2
Hence, the equation of the curve is y=xt+dx+2.
10 2
V—ZX —X+ec. (b) y=x%+4x+2
Y _oxsa
10 (a) The equation of the normal is w
X+2y-5=0. d2y
X+2y-5=0 d—2=2
2y =—Xx+5 X
_ 1.3 2
y__§X+§ xzd—g+(x—1)ﬂ+y+3=0
dx dx

Since the gradient of the normal is —%, x2(2) + (X —1)(2x + 4) + X2 + 4x +2+3=0

thus the gradient of the tangent is 2. 2x% +2x% +2X—4+ X% +4X+5=0

ay_, 5x% +6x+1=0
) dx (5x+1)(x+1)=0
F+3:2 x:—1 or-1
K 5
1—2+3=2 d
Y a2
K=_1 12 (a) &—3X 4x
d 1 y= I(3x2 —4x) dx
(b) Y= +3 .
dx  x y=X"—2X"+cC
B 1 The curve passes through the point
y—j(—?-i-deX (-1,-2), thusx =1 and y = 2.
2 —2=(-1)3-2(-1)%+c
== 3)d
y .[( 243 2=-1-2+c
-1 c=1
y=—" +3x+c Hence, the equation of the curve is
y=Liaxec y=x>-2x>+1,
X

The curve passes through the point
(1,2),thusx=1andy=2.

y:1+3x+c
X

2=%+3(1)+c

c=-2
Hence, the equation of the curve is

y:£+3x—2.
X
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(b) y=x3-2x%+1

Q:SXZ —4x
dx

2
d—zyzsx—4
dx

At the turning points,
Y
dx
3x? —4x =0
X(3x-4)=0
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x=0 or x:f
3

At the turning point, x = 0,
y=0%3-2(0)%+1=1

Hence, (0, 1) is a turning point.
d2y .
— = 6(0) —4 =-2 (Negative)
dx

Hence, (0, 1) is a maximum point.

At the turning point, X :% .

3 2
3 3 27

Hence, ﬂ,—i is a turning point.
3 27

2
M:s(f —4.=4 (Positive)
dx? 3
4 5. .
Hence, | —, ——| isa minimum
52
point.

13 (a) J'72 h(x) dx = —IZh(x) dx
__4

(b) j272h(x) dx—jZ pdx=6

24) - p[x]} =6
8—p(7-2)=6
8-5p=6
-Sp=-2

p:

[$1RN)

14 (a) y=6x—x2
At the turning point where x = 2,
y=6(2)-2°=8
Q:G—Zx =6-2(2)=2
dx
Hence, the equation of the tangent is
y—8=2(x-2)
y—-8=2x-4
y=2Xx+4

(b) At the turning point, x=0, y=4
At the turning point, x=6,
y=2(6)+4=16
Avrea of the shaded region

© EPH Publishing (M) Sdn. Bhd. (199801017497) 2025

= (Area of the trapezium from x =0 to
X = 6) — (Area under the curve from
x=0tox=6)

%(4+16)(6)—jo6 (6x—x2)dx

6
3
60{3x2 —X—}
3
0
3
= 60{3(6)2 —%}

—60— (108 -72)
=60-36
=24 units®

15 (a) At the x-axis,y =0
y= 27—(x—2)3
0=27-(x-2)°

(x-2)3 =27
X—2=3
x=5
Thus, P is point (5, 0).

(b) Area of the shaded region

j; 27— (x~2)?|ax

— 4 5
_ m_u}

4)

[ 4
= | 27(5) —%—(27(0) _(_TZ)J]

_459 (16
4 4

475 .
= —= units
4

16 y=2x .. (D)
y:6x—x2 ...(2

Substitute (1) into (2) :
2x = 6X - X°
X% —6X+2x=0
X2 —4x=0
X(x—4)=0
x=0 or4

At the turning point, x
At the turning point, x
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Thus, the points of intersection between
the straight line y =2x and the curve

y=6Xx— x? are (0, 0) and (4, 8).
Area of the shaded region B
= (Area of triangle from x=0to x = 4) +

(Area under of curve fromx =4 to x =
6)

= (%x4x8} + J;(Gx—xz)dx

r 6
3

=16+ 3x2—x—:|
3

L 4

_ 2 6 [z 4
= 16+ 3(6)° -~ (3(4) 3H

=16+ 36—@}
3

:16+§
3

_16 units?
3

Area under of curve fromx=0tox=6

= j: (bx-2) ax

6
= |:3X2 —X—T
3
0

63
=3(6)2——-0
Ol

=36 units?

Avrea of the shaded region A

= 36_E
3

- 32 units?
3

Avrea of shaded region A : Area of shaded
region B
_ Areaof region A

Area of region B

32

3

" 76

3

19
=8:19 [Shown]
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17 (a) Area of region A

= LZ 8x 2 dx

2
_ {8{1}
-1
1

=-4+8
= 4 units®

(b) Area of region B = Area of region C

5
j P 8x 2 dx = J- 8x 2 dx
2 p

SIS

18() y= (x—l)2 = x? —2x+1

ﬂ =2x-2
dx
At the point P(3, 4),

m=ﬂ=2(3)—2=4

dx
Equation of the tangent is
y—4=4(x-3)
y—4=4x-12
y=4x-8

At point Q (x-axis),
y=4x-8
0=4x-8

4x =8
X=2

Thus, Q is point (2, 0).

Success Plus Additional Mathematics SPM



(b) Area of the shaded region
= (Area under the curve from x = 1 to x
= 3) — (Area of triangle fromx = 2 to
x=3)

_ (3 2 1
= L (x-1)2dx —(Ex1x4j

19 (a) y:x3—3x+c

Y _32_3
dx
At the minimum point P,

dy=0

dx
3x?-3=0
3x? =3
x2 =1
x=1
Thus, P is point (1, 0).

Substitute x = 1 and y =0 into
y= x3—3x+c.
0=23-3@)+c

c=2

(b) Area of the shaded region
1
=J (x3—3x+2) dx
0

4 2
0
:£—§+2—0
4 2
_3 it
4
20 y=—x+5 .. (D

y:x2—2x+5 ... (2

Substitute (2) into (1) :

X2 —2X+5=—X+5
X2 —x=0
X(x-1)=0

x=0 or x=1
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The straight line y =—x+5 intersects the
x-axis at (5, 0).

At the turning point, x =0, y=-0+5=5
At the turning point, x=1,

y=-1+5=4

Thus, the points of intersection between

the curve and the straight line are (0, 5)
and (1, 4).

Area of the shaded region

= (Area under the curve fromx =0to x =
1) + (Area of triangle fromx=1to x =
5)

= j: (x2—2x+5) dx + %X(5—1)X4

3 1
= {X——x2+5x1 +8
3

0
:(1—1+5J+8
3

=3 units?
3

21 x=3 ()

y2 =4(x+1) ... (2)

Substitute (1) into (2) :

y? =4(3+1) =16

y=4

Thus, B is point (3, 4) and A is point (0,
4).

y2 =4(x+1)
At the y-axis, x = 0.
y2 =4(0+1)
y=2
Thus, the curve intersects the y-axis at (0,
2).

Area of the shaded region

y2 =4(x+1)
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{4

8 units?
3

22 (a) Point (k, 3) lies on the straight line
y=5-x.
Thus, 3=5-k = k=2.

(b) The straight line y=5—x intersects
the y-axis at (0, 5).

The curve y = (1—x)(x—5) intersects
the x-axis (1, 0) and (5, 0).

Area of the shaded region

= (Area of trapezium fromx =0to x =
2) — Area under the curve fromx =1
tox=2)

= %(5+3)(2)—L2 y dx

_ 2
= 8—J’1 (1 X)(x—5) dx

= 8—J-12 (—x2+6x—5) dx

3 2
:8—|:—x—+3x2 —5Xi|
3

1

=8_[_%3+3(2)2_5(2)_[_%+3_5ﬂ

_19 units?
3

23 Area of the shaded region

= I: [(—x2+2x+7)—(x2+2x—1) ]dx

= J.z (72x2+8)dx
2

2
3
:[—2i+8x:|
3
-2

3
= [—ﬁ +8(2) —[— % 2%+ 8(—2)}1

= 211 units?
3
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24 y:x(x—Z):xz—Zx
y2 = (xz —2x) 2_ (x4 —4x3 +4x2)

Generated volume

=7r.[:) y2 dx

=7Z'J.§ (x4—4x3+4x2) dx

x> ax4 43
=0 ———+—
5 4 3
- 3
x° 4 4x3
5 3
5
=7 %—34+36—OJ

= ﬂ'[ﬁ -81+ 36)
5
=E7z units®
5

25 Generated volume

:ﬂj_lz X2 dy

[ 283 896
:7[__ —_——
e

%ﬂ units®
5

26 Generated volume
5 , d
= X
o],

= 7rJ.25 (25— yz)dy

5
3
- 7{25y—y?}

2
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53 28 37*
=) 25(5)- | 25(2) - - Lot X
4 3 0
125 8 3
=7]125-===—|50—=
”{ 3 ( 3]} =L 164)-2 0
4 3
250 142
3 s _1,,(%]
=36 7 units® 413
_32 1 units?
27 (a) Generated volume 3
42
:”Jo x“ dy (b) Generated volume
4 =7zj4 X2 dy
:;zj (4—y) dy 0
0 2
514 =7sz (16—4y2)dy
= 7T 4y_y_
2 372
° —x|16y- 4
= 7(16 -8-0) =7 y—T
=87 units® 0
. ) =ﬂ[32—gj
(b) The curve intersects the x-axis at the 3
points (-2, 0) and (2, 0). 64 3
—?7[ units
Generated volume
=27zjzy2dx 29 y=3J/x-1
° _g(u-1)
2 2 y©=9(x-1
2
=27TIO (4—X ) dx At the x-axis, y = 0
2
2 0% =9(x-1)
2,4
=27Z’I0 (16—8x +X )dx x=1
3 5
= 27;{16x_8i+x_:| Generated volume = %7[ units®
0 K 9
2
3 .5 7| y dx==rx
~27162)- 32", 2 g l 2
3 5 k 9
L 9(x-1) de=—
=27Z(32—6—:+%—0j K 1
5 j (x=1) dx==
512 3 1 2
:Eﬂ- units K
RS R
28 (a) The curve intersects the x-axis at 2 , 2
(2, 0) and the y-axis at the point (0, 5). )
LS G-
Generated volume 2 2 2
4
2 2
= v ox LB
2 2 2
4 16—x2 2
_ .[ 16—-x d k——k:O
0 4 2
4 2
=1ﬂj f16- x2)ax k2 -2k =0
4 Jo k(k-2)=0
k=2

24
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30 Generated volume =27

k
2 gy —
ﬂJiaX dy=2x

JA_kS(y+3) dy=2

k
2
y
—+3 =2
-3
2
k—+3k—(9—9j=2
2 2
k?+6k—(9-18)=4
k?+6k+5=0
(k+1)k +5) =0
k=-5o0rk=-1

k = -5 is not accepted.
~k=-1

31 (a) y=x ...(1)

x> +7y% =16 ... (2)

Substitute (1) into (2) :
(3y)2 +7y2 =16
16y? =16
y? =1
y==1

y =-1 is not accepted.
sy=1

From (1) :
3)=x=>x=3

Thus, A is point (3, 1).

X2 +7y2 =16
At the x-axis, y = 0.
x2 +7(0)2 =16
x=4
Thus, B is point (4, 0).

(b) x?+7y?> =16

2 _16-x?
7

Generated volume

= (Volume of cone generated by the
straight line fromx =0to x=3) +
Volume generated by the curve from x
=3tox=4)

_1 0 4 2
-gﬁr h+7rj3 y“ dx
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7

1 31"
—r+Zal16x-
7 3

oot i % (a2
7 3

2
_ %ﬂ(l)(3)+7z'[:[16_x jdx

3
RN N
7 3 3
1(11
=r+=|=|x
5)
=7 units®

32

Smart Strategy |

The volume of the rugby ball is given
by the generated volume when the
shaded region is rotated through 360°
about the x-axis.

HOT TIPS |

e yz
——+-=—=1 is the equation of an
144 25

ellipse.

X2 y2

144 25

y2 4 X2

25 144

2
y2=251- X
144

Volume of the rugby ball
= Generated volume

12

= ﬂj_lz y2 dx
2
12 X

7Z'I_12 25[1—m} dX
12
3

257{x—x—1

432
-12

Success Plus Additional Mathematics SPM



3 1,3
= 25a]12- 22 | 15 (12
432 432
= 2578 - (-8)]
= 4007 units®

= 400x3.142
=1 256.8 units®

Hence, the volume of the rugby ball is
1256.8 cm®,

SPM Spot
1 Y (2x+1)°
dx

y = .[ (2x +1)3 dx

_(2x +1)4 ie
4
(2x +1)4

8
The curve passes through the point

=

+C

-3= tc
-3=2+cC

c=-5
Hence, the equation of the curve is
y= (2x+1)* 5

2(@) (i) y=x%-6x+16 ... (1)
y:6x—x2 ...(2
Substitute (1) into (2) :

x? —6X+16 = 6X— X
2x% —12x+16=0

x? —6x+8=0
(x=2)(x-4)=0
x=2o0r x=4
From (2):
Whenx=2, y=6(2)-22=8
Whenx =4,y = 6(4)—42 =8
Hence, A is point (2, 8) and B is
point (4, 8).

2
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(ii) Area bounded by the two curves
= J.4 (foxz)dxfj-4 (x276x+16)dx
2 2
= .[24 (6x—x2 —x? +6x—16) dx
= [ fax—2x? -16) ax
3 4
= |:6x2 —%—164

2

=6(4)2 - 2 (4)° ~16(4)

—[6(2)2 -%(2)3 —16(2)}

~102-[ 13l
3 3

22 units?
3

() Generated volume = 42%7[

k 1
7Z'J.3 y2 dx — Volume of cone = 4257z

ﬂj.: (x+6) dx — %ﬂr2h=§ﬂ

k
2
X 1o 85
—+6x| -=( k-3 =—
{2 } 3()( )2
3

2
I(—+6k—(g+18j—3k+9:§

2 2 2

K2
—+3k-56=0

2
k?+6k—-112=0
(k-8)(k+14)=0
k=8 or k=-14
k =—14 is not accepted.
k=8

3(a) y2=—x+9
y=+v-x+9
1
y=(-x+9)z
dy 1 2
— = (- 9 2 _1
i 2( x+9) 2(-1)
1

T 2/ox+9

dy 1 1
Whenx=5, L =—— ==
dx 2J-5+9 4
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Thus, the gradient of the tangent =

1
4
Equation of the tangent is
1
y—2=-=(x-5) y=v-5+9=2
4 Thus, k=2
4y—-8=—x+5 ’
4y =-x+13

(b)

Area of the shaded region
=Area P + Area Q
1 o 2
E(2+1.5)(5) +L (—x+9)2 dx +
9

N w

:8§+ﬂ

4 _3

2 s

3 2 El 3
=8—- - =|(-9+9)2 - (-5+9)?

; 3[( )2~ >}
=8§—3[0—8]

4 3

= 14i units?
12
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(©) y
3 A(5, 2)
2
y2=-x+9
ol g~ *
2
Vy :ﬂjo x2 dy

ﬂ.[oz (_ y2 +9)2 dy

njoz (y*-18y? +81) dy

3 2

5
=7 y——18><y——i-81y
5 3 0

2° 3
=7l T —6(2)° +81(2) -0

=120§7r units®
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