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Form 5 Chapter 3 

Integration 

Fully-Worked Solutions 
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(c) dxxf
2

6
)(  

= dxxf
6

2
)(  

= –4 

 

(d) dxxfdxxfdxxf  
6

4

4

3

3

2

)()()(  

= dxxf
6

2
)(  

= 4 

 

3 (a) 
4

2
( )g x dx

4

7
( )g x dx  

=
4

2
( )g x dx

7

4
( )g x dx  

= 6 + 8 

= 14 

 

(b)  
7

2
( ) 2g x x dx  

 dxxdxxg 
7

2

7

2
2)(  

= 6 + 8 +  7

2
2x  

= 14 + 22 27   

= 59 

 

(c) 
2

4
3 ( )g x dx dxxg

7

4
)(2  

   = 
4 7

2 4
3 ( ) 2 ( )g x dx g x dx    

  = )8(2)6(3   

  = –2 

 

(d)             10)(
4

2
 dxkxxg  

10)(
4

2

4

2
  dxkxdxxg  

  10
2

6
4

2
2  x

k
 

  424
2

4

2
22 

k
 

          412
2


k

 

                  
3

2
k  

4 
4


x

x
y  

2)4(

)1()1)(4(






x

xx

dx

dy
 

2)4(

4




xdx

dy
 [Shown] 

dx
x

y  


2)4(

4
 

  dx
x

y  


3

2 2

3
2

)4(

16
4  

dx
xx

x















3

2 2

3

2 )4(

16

4
4  
















3

2

3

2 2 4
4

)4(

16

x

x
dx

x
 











6

2

7

3
4  

21

8
  

 

5 
x

x
y




5
 

2)5(

)1()1)(5(

x

xx

dx

dy




  

2)5(

5

xdx

dy


  [Shown] 

dx
x

y 



2)5(

5
 

  dx
x

y  


3

1 2

3
1

)5(

5

10

1

10

1
 

dx
x 

3

1 2)5(2

1
= 

3

1510

1









 x

x
 











4

1

2

3

10

1
 

8

1
  
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6  )(4 xf
dx

dy
  

   dxxfy )(4  

 dxxfy )(
4

1
 

  2
1

2

1 4

1
)( ydxxf   

2

1

2 13

4

1











 


x

x
 











 





1

1)1(3

2

1)2(3

4

1 22

 









 2

2

11

4

1
 

8

7
  

 

7 








32x

x

dx

d
 = g(x) 

  


dxxg
x

x
)(

32
 

   










2

1

2

1
2

)(
3

dxxg
x

x
 

 

 
2

1
2

2

1

22

1 32
2)(2 























 x

xx
dxxgx  

    











2

1

1

2
12 22

 

  
2

5
3  

  
2

1
  

 

UPSKILL 3.3b 

 

1 (a) Area of the shaded region 

 = 
4

1
dxy  

  
4

1
)4)(1( dxxx  

  
4

1

244 dxxxx  

  
4

1

234 dxxx  

 

 

= 

4

1

32

32

3
4















xx
x  




























3

1

2

3
4

3

64
)16(

2

3
16  

= 









6

13

3

56
 

= 
6

5
20  units

2
 

 

(b)   Area of the shaded region 

= 
3

1
dxy  

  









3

1 2

2
dx

x
x  

  


3

1

22 dxxx  

 = 

3

1

12

1
2

2 






























xx
 

= 

3

1

2 1
2

2 




















x

x
 

 







 2

2

1

3

2

2

9
 

 = 
3

1
5  units

2
 

 

(c) Area of the shaded region 

= 
2

1
dxy  

   
2

1

2
1 dxx  

2

1

3

)1(3

)1(












 


x
 



















3

8

3

1
 

= 3 units
2
 

 

2 (a) Area of the shaded region 

= 
2

2
dxy  

=  
2

2
)2)(2( dxxx  

=   
2

2

2 4 dxx  
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2

2

3

4
3













 x

x
 












 8

3

8
8

3

8
 

3

2
10  

3

2
10  units

2
 

 

(b) Area of the shaded region 

= 
3

0
dxy  

=  
3

0

3)3( dxx  

3

0

4

)1(4

)3(











 


x
 











4

81
0  

4

81
  units

2
 

 

3 (a) y = )1)(2(  xxx  

 22  xxx  

xxx 223   

 

 Area of the shaded region 

   dxxxx 2230
2    +   dxxxx 2231

0
  

 

0

2

2
34

34













 x

xx
 + 

1

0

2
34

34 










 x

xx
 

 







 4

3

8

4

16
0  + 








 01

3

1

4

1
 

 
3

8

12

5
  

 = 
12

1
3  units

2
 

 

(b) )4)(1( xxxy   

 234 xxxy   

3234 xxxy   

Area of the shaded region 

  

0
1

3234 dxxxx  +   
4

0

3234 dxxxx  

4

0

4
32

0

1

4
32

4
2

4
2





























x
xx

x
xx

 

0
4

4
64)16(2

4

1
120

4











 

32
4

3
  

= 
4

3
32  units

2
 

 

(c)  Area of the shaded region 

 dxxx 
3

0

223  +  dxxx 
4

3

223  

4

3

3
2

3

0

3
2

3
3

3
3



























x
xx

x
xx  











3

27
3)3(3

3

64
4)4(3999 22

9 9
3

20
  

3

7
9  

3

1
11  units

2
 

 

4 (a) Area of the shaded region 


3

1
dyx  

  
3

1

2 23 dyy  

= 

3

1

3

2
3

3













 y

y
 

 31
3 2  yy  

= 27 + 6  21  

= 36 units
2
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(b) Area of the shaded region 


3

0
dyx  

 
3

0

2 )3( dyyy  

  
3

0

323 dyyy  

= 

3

0

4
3

4 












y
y  

= 
4

3
3

4
3   

= 
4

3
6  units

2
 

 

5 (a) Area of the shaded region 


3

1
dyx  

  
3

1

2 32 dyyy  

3

1

2
3

3
3













 yy

y
 









 31

3

1
999  

3

5
9  

3

2
10  

= 
3

2
10  units

2
 

 

(b)  )1)(1(  yyyx  

 12  yyx  

 yyx  3
 

 

Area of the shaded region 

    


1

0

30

1

3 dyyydyyy  

1

0

24
0

1

24

2424 



























yyyy
 

0
2

1

4

1

2

1

4

1
0 








  

4

1

4

1
  

= 
2

1
 unit

2
 

 

 

6 (a) (i) 4 xy   … (1) 

234 xxy    … (2) 

Substitute (1) into (2) : 
2344 xxx   

042  xx  

0)4( xx  

0x  or 4x  

 

At the turning point, 0x , 

440 y  

At the turning point, x = 4,   

y = 044   

Thus, the coordinates of the points P 

and Q are (0, 4) and (4, 0) respectively. 

 

(ii)  Area of the shaded region 

= (Area under the curve from x = 0 to x 

= 4) – (Area of the triangle from x = 

0 to x = 4) 

=  
4

0

2)34( dxxx  – 44
2

1
  

8
32

3
4

4

0

32















xx
x  

8
3

4
)4(

2

3
)4(4

3
2   

8
3

56
  

= 10
3

2
 units

2
 

 

(b) (i) 21y   ... (1) 

210 xxy   … (2) 

21021 xx  

021102  xx  

0)7)(3(  xx  

3x  or 7x  

Thus, the coordinates of the points P 

and Q are (3, 21) and (7, 21) 

respectively. 

 

(ii)  Area of the shaded region 

= (Area under the curve from x = 3 

to x = 7) – (Area of the rectangle 

from x = 3 to x = 7) 

=   dxxx 
7

3

210 – ( 214 ) 

 84
3

5

7

3

3
2 














x
x  

84
3

3
)3(5

3

7
)7(5

3
2

3
2 




























  
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8436
3

392








  

= 
3

2
10  units

2
 

 

(c) (i) 9x  … (1) 

xy 42   … (2) 

Substitute (1) into (2) : 

)9(42 y  = 36 

  6y  

Thus, the coordinates of the points P 

and Q are (9, 6) and (9, –6) 

respectively. 

 

(ii) Area of the shaded region 

= (Area of the rectangle from          y 

= –6 to y = 6) – (Area between the 

curve and the y-axis from y = –6 to 

y = 6) 

912  – dy
y


6

6

2

4
 

= 108 – 

6

6

3

12










 y
 

= 108 – 


























 


12

6

12

6 33

 

= 108 – (18 + 18) 

= 72 units
2
 

 

(d) (i) 14  xy  … (1) 

52  xy  … (2) 

Substitute (2) into (1) : 

          1452  xx  

   0442  xx  

0)2)(2(  xx  

                   x = 2 

From (1) : 91)2(4 y  

Thus, the coordinates of point Q are 

(2, 9). 

 

14  xy  

At the y-axis, x = 0. 

y = 4(0) + 1 = 1 

Thus, the coordinates of point P are 

(0, 1). 

 

(ii)  Area of the shaded region 

= (Area under the curve from x = 0 

to x = 2) – (Area of trapezium 

from x = 0 to x = 2) 

=     
2

0

2 )2(91
2

1
5x  

= 105
3

2

0

3













 x

x
 

1010
3

8
  

3

8
  units

2
 

 

7 (a) (i) 3 xy  … (1) 

22xy   … (2) 

Substitute (2) into (1) : 

          32 2  xx  

     032 2  xx  

 

2

3
x  or 1x  

2

3
x  is not accepted. 

1x  

From (1) :  231 y  

Thus, the coordinates of point Q 

are )2,1( . 

 

3 xy  

At the x-axis, y = 0. 

3 xy  

 0 = x + 3 

3x  

Thus, the coordinates of point P are  

(–3, 0). 

 

 (ii) Area of the shaded region 

= (Area of the triangle from x = –3 to 

x = –1) + (Area under the curve 

from x = –1 to x = 0) 

= dxx
0

1

2222
2

1
 

0

1

3

3

2
2















x
 

  10
3

2
2   

3

2
2  

3

2
2  units

2
 

 

(b) (i) 6 xy  (1) 

2)2(2  yx ` (2) 

 

Substitute (1) into (2) : 
2)26(2  xx  
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2)4(2  xx  

1682 2  xxx  

016102  xx  

0)8)(2(  xx  

2x  or 8x  

8x  is not accepted. 

2x  

 

From (1) :   462 y  

Thus, the coordinates of point Q are 

)4,2( . 

 

6 yx  

At the y-axis, x = 0. 

60  y  

  6y  

Thus, the coordinates of point P are 

)6,0( . 

 

(ii)  Area of the shaded region 

= (Area between the curve and the y-

axis from y = 2 to y = 4) + (Area 

of the triangle from y = 4 to y = 6) 

= 
 

dy
y


4

2

2

2

2
 + 22

2

1
  

2
)1)(3(2

)2(
4

2

3












 


y
 

  202
6

1 3   

3

10
  units

2
 

 

8 Area of the shaded region = 81 

   
k

dxy
0

 = 81 


k

dxx
0

34  = 81 

    810
4 

k
x  

        8104 k  

  k = 3 

9 Area of the shaded region = 
3

1
 

   
k

dyx
0

 = 
3

1
 


k

dx
y

0

2

8
 = 

3

1
 

3

1

24
0

3













k

y
 

3

243 k  

83 k  

  2k  

 

10  Area of the shaded region 

     
3

0

22 362 dxxxxx   

  
3

0

2 93 dxxx  

3

0

2
3

2

9














x
x  









 03

2

9
3 23

 

= 
2

1
13  units

2
 

 

11  Area of the shaded region 

     
1

1

23 1 dxxxx  

  
1

1

23 1 dxxxx  

1

1

2
34

34













 xx

xx
 









 11

3

1

4

1
11

3

1

4

1
 











12

17

12

1
 

3

4
  units

2
 

 

UPSKILL 3.3c 

 

1 (a) Generated volume 


4

1

2 dxy  

dx
x

2
4

1

4
 








  

dx
x


4

1 2

16
  

dxx


4

1

216  

4

1

1

1

16
















x
  

4

1

16










x
  
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  







 16

4

16
  

12  units
3
 

 

(b) Generated volume 

dx
x

x

2
3

1

2








   

  dxxx 223

1
44    

3

1

13

1

4
4

3 














x
x

x
  

3

1

3 4
4

3 












x
x

x
  

















 44

3

1

3

4
129  











3

1

3

59
  


3

58
  units

2
 

 

(c)   Generated volume 

  
2

1

224 x  

  dxxx 
2

1

42816  

2

1

53

53

8
16















xx
x  



















5

1

3

8
16

5

32

3

64
32  

= 
5

153
 units

2
 

 

(d) Generated volume  

=   
2

0

22 3 dxxx  

   dxxxx 2342

0
96    

2

0

345

3

9

4

6

5 












xxx
  

2

0

3
45

3
2

3

5 










 x

xx
  









 0)8(3

2

)16(3

5

32
  

5

32
  units

2
 

 

 

(e) Generated volume 

=   
3

0

22)2( dxx  

3

0

5

)1(5

)2(











 


x
  



















5

32

5

1
  


5

33
  units

2
 

 

(f) Generated volume 

  
1

2

1
2 dxy  

   









1

2

1

2
1

4 dx
x

x  

  dxxx 221

2

1 816    

1

2

1

13

1
8

3

16












x
x

x
  

1

2

1

3 1
8

3

16










x
x

x
  





































 2

2

8

8

1

3

16
18

3

16


 



















3

16

3

11
  


3

5
  units

2
 

 

2 (a) Generated volume 

dyx
2

0

2  

 














2

0

2
2

4
dy

y
  


2

0

4

16
dy

y
  

= 

2

0

5

)5(16 









 y
  









 0

80

32
  

= 
5

2
 units

3
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(b) Generated volume 

dyx
1

0

2  

   
1

0

22
1 dyy  

  
1

0

4
1 dyy  

1

0

5

)1(5

)1(











 


y
  

= 

















5

1
0  


5

1
  units

3
 

 

(c) Generated volume 

dyx
1

0

2  

  
1

0

22 2 dyyy  

  
2

0

234 44 dyyyy  

2

0

3
4

5

3

4

5 












y
y

y
  

0
3

32
16

5

32
  

 
15

16
 units

3
 

 

(d) Generated volume 

dyx
2

1

2  

 














2

1

2
2

6
dy

y
  

 














2

1

4

36
dy

y
  

2

1

5

180












y
  

2

1

5

180

1

180

2












  


180

31
  units

3
 

(e) Generated volume 

dyy 
9

0
)9(  

9

0

2

2
9














y
y  











2

81
81  


2

81
  units

3
 

 

(f)   Generated volume 

dyx
3

0

2  

   
3

0

22
3 dyy  

   
3

0

4
3 dyy  

 
3

0

5

)1(5

3













 


y
  



















5

243
0  


5

243
  units

3
 

 

3 Generated volume =   

       dxy
k

1
2  =   

1
2

12

1

2














 


k

dx
x

 

         1
4

12

1








 


k

dx
x

 

             412
1


k

dxx  

           41
2 

k
xx  

4)11(2  kk  

062  kk  

  0)2)(3(  kk  

   2k  or 2k  

2k  is not accepted because k has 

to be positive. 

2k  
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4     Generated volume = 
2

9
  

         dyx
k
4

2  = 
2

9
  

            
2

9
4

4

k
dyy  

         
2

9

2
4

4
2















k

y
y  

2

9

2
4

2

4
)4(4

22

















k
k  

   0
2

9

2
48

2


k

k  

   09816 2  kk  

         0782  kk  

      0)1)(7(  kk  

         7k  or 1k  

7k  is not accepted because k < 4. 

1k  

 

5     Generated volume = 2  

         dyx
k

2

2  = 2  

             22
2


k

dyy  

         22
2

2

2















k

y
y

 

            2422
2

2

 k
k

 

          222
2

2

 k
k

 

                042  kk  

               0)4( kk  

          0k  or 4k  

0k  is not accepted. 

4k  

 

6  
x

y
8

  

At the turning point, 
3

4
y , 

x

8

3

4
  

244 x  

  6x  

 

 

 

 

Generated volume 

= (Volume generated by the curve from x  

     = 2 to x = 6) – (Volume generated by 

3

4
y  from x = 2 to x = 6) 

= dx
x 






6

2

2
8

  – (Volume of cylinder 

generated with a radius of 
3

4
 units and a 

height of 4 units) 

= dxx


6

2

264  – hr2  

)4(
3

4

1

64
26

2

1





























x

 

6

2

64










x
 + 

9

64
 


9

64

2

64

6

64

















  


9

64

3

64
  


9

128
  units

3
 

7 (a)   26 xxy   

x
dx

dy
26  

At maximum point, 

    0
dx

dy
 

026  x  

       3x  

 

At the turning point 3x , 

23)3(6 y  = 9 

 

Thus, the coordinates of the maximum 

point are Q(3, 9). 

 

   (b)  Generated volume 

= (Volume of the cylinder generated by 

the straight line y = 9 from x = 0 to x 

= 3) – (Volume generated by the 

curve from x = 0 to x = 3) 

=   
3

0

222 6 dxxxhr   

  
3

0

4322 1236)3()9( dxxxx

3

0

543

54

12

3

36
243














xxx
  
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3

0

543

54

12

3

36
243














xxx
  














 0

5

3
)3(3)3(12243

5
43  


5

648
243   


5

567
  units

3
 

8      
x

y
4

          … (1) 

62  xy  … (2) 

Substitute (1) into (2) : 

62
4

 x
x

 

xx 624 2   

0462 2  xx  

   0232  xx  

0)2)(1(  xx  

1x  or 2x  

At the turning point, 1x , 4
1

4
y  

At the turning point, 2x , 2
2

4
y  

Thus, the points of intersection between 

the straight line and the curve are (1, 4) 

and (2, 2). 

 

The straight line 62  xy  intersects 

the x-axis at (3, 0). 

 

(Volume generated by the curve from x = 

1 to x = 2) + (Volume of the cone 

generated by the straight line from x = 2 

to x = 3)  

= hrdx
x

2
22

1 3

14
 








  

  )23()2(
3

1
16 2

2

1

2  
  dxx  


3

4

1

16
2

1

1

















x
 


3

416
2

1











x
 


3

4

1

16

2

16









  


3

4
8   

 
3

28
 units

3
 

9 Generated volume 

= (Volume of the cone generated by the 

straight line from x = 0 to x = 2) – 

(Volume generated by the curve from x = 

1 to x = 2)  

= hr2

3

1
 – dxy2

2

1  

 
2

1

2 )1()2()1(
3

1
dxx  

2

1

2

23

2












 x

x
  




















 1

2

1
2

2

2

3

2 2

  


2

1

3

2
  


6

1
  units

3
 

10 (a) y = 3x + 6 … (1) 

y = 16 – x
2
 … (2) 

 

            21663 xx   

  01032  xx  

0)5)(2(  xx  

2x  or 5x  

5x  is not accepted. 

2x  

At the turning point, 2x , y = 3(2) + 

6 = 12 

Thus, the coordinates of point P are 

 (2, 12). 

 

(b) The straight line y = 3x + 6 intersects 

the y-axis at (0, 6). 

The curve y = 16 – x
2
 intersects the 

x-axis at (4, 0). 

 

Area of the shaded region 

= (Area under the straight line from 

x = 0 to x = 2) + (Area under the 

curve from x = 2 to x = 4) 

=   
4

2

216)2)(126(
2

1
dxx  

4

2

3

3
1618














x
x  

 





























3

2
)2(16

3

4
)4(1618

33

3

88

3

128
18   

= 
3

94
 units

2
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(c) The y-intercept of the curve 
216 xy   is 16. 

 

Generated volume 

= 
16

12

2 dyx  

=  
16

12
)16( dyy  

16

12

2

2
16














y
y  



























2

12
)12(16

2

16
)16(16

22



 

= 128  – 120  

= 8  units
3
 

 

UPSKILL 3.4 

 

1 (a) )14(
2

1
t

dt

dT
  

At the turning point, T is a maximum, 

0
dt

dT
 

0)14(
2

1
 t  

14t  

2

1
2

2


dt

Td
 (Negative) 

Thus, T is a maximum. 

 

(b) )14(
2

1
t

dt

dT
  

  dttT )14(
2

1
 

c
t

tT 















2
14

2

1 2

 

Given that T = 25 at the turning point 

where t = 8, 

c















2

8
)8(14

2

1
25

2

 

c 4025  

  15c  

Thus, 15
2

14
2

1 2

















t
tT  

At the turning point where t = 14, the 

maximum value of T  

= 15
2

14
)14(14

2

1 2















  

= 34 

2 (a) Sphere with a radius of 7 cm 

 

(b) Volume of sphere 

= dyx
7

7

2  

  
7

7

249 dyy  

7

7

3

3
49















y
y  

=  
 



























 


3

7
)7(49

3

7
)7(49

33

  



















3

686

3

686
  

= 
3

1
457  cm

3
 

 

Summative Practice 3 

 

1 dt
t

t
t

t 


















11
 

= dt
t

t 









2

2 1
 

=  dttt
 22

 

c
tt







13

13

 

= c
t

t


1

3

3

 

 

2  dx
x

xx



4

)1)(1(
 

= dx
x

x



4

21
 

=  dxxx
  24

 

= 
13

13






 xx
+ c 

c
xx


1

3

1
3

 

 

3  dy
y  3)25(

10
 

= dyy
 3)25(10  

= 
 

c
y





















)2(2

25
10

2

 

= c
y


 2)25(2

5
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4  


dx
x 4)21(

3
 

 = dxx
 4)21(3  

 c
x





















)2(3

)21(3 3

 

 =  3)21(
2

1
x c 

But the given integral is cxk n  )21( . 

By comparison, 
2

1
k  and 3n . 

 

5   )(4)( xgxf
dx

d
  

       dxxgxf )(4)(  

  cxfdxxg  )(
4

1
)(  

 

6 (a)  5 kx
dx

dy
 

dxkxy   )5(  

cx
kx

y  5
2

2

 

The curve passes through the point      (1, 

–1), thus x =   1 and y = –1. 

     c
k

 5
2

1  

     ck 2102   

82  ck  … (1) 

 

The curve passes through the point      (0, 

3), thus x = 0 and y = 3. 

cx
kx

y  5
2

2

 

c 003  

3c  

From (1) : 28)3(2  kk  

(b) 52  x
dx

dy
 

  dxxy )52(  

hxxy  52
 

The curve passes through the point (0, 3), 

thus x = 0 and y = 3. 

h 003  

3h  

Thus, 352  xxy  

 

 

 

7 (a) kx
dx

dy
 2  

  kxy 2  

ckxxy  2  

 

The turning point is (1, 4). 

k
dx

dy
 )1(2 = 0 

2k  

 

(b) The curve passes through the point (1, 

4), thus x = 1 and y = 4. 

cxxy  22  

c )1(214 2  

5c  

Thus, the curve intersects the y-axis at 

the point (0, 5). 

 

8 Gradient of normal = 
x23

1


 

Gradient of tangent = )23( x . 

x
dx

dy
23  

  dxxy )23(  

cxxy  23  

The curve passes through the point (3, 4), 

thus x = 3 and y = 4. 

c 23)3(34  

4c  

Hence , the equation of the curve is 

43 2  xxy . 

 

9 (a) Gradient of tangent  

= 
24

02




 

= 1 

 

 (b)           1
dx

dy
 

  1
2

1
 px  

1)4(
2

1
 p  

1p  

 

(c) 1
2

1
 x

dx

dy
 

dxxy  







 1

2

1
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cx
x

y 















22

1 2

 

cxxy  2

4

1
 

The curve passes through the point      

(4, 2), thus x = 4 and y = 2. 

c 4)4(
4

1
2 2  

c 442  

 c = 2 

Hence, the equation of the curve is 

2
4

1 2  xxy . 

 

10 (a) The equation of the normal is 

052  yx . 

052  yx  

           52  xy  

              
2

5

2

1
 xy  

Since the gradient of the normal is 
2

1
 , 

thus the gradient of the tangent is  2. 

      2
dx

dy
 

23
2


x

k
 

23
12


k

 

       1k  

 

 (b) 3
1
2


xdx

dy
 

dx
x

y  







 3

1
2

 

 dxxy    32
 

cx
x

y 







3
1

1

 

cx
x

y  3
1

 

The curve passes through the point      

(1, 2), thus x = 1 and y = 2. 

cx
x

y  3
1

 

c )1(3
1

1
2  

2c  

Hence, the equation of the curve is 

23
1

 x
x

y . 

 

11 (a) 42  x
dx

dy
 

   dxxy 42  

cxxy  42  

Given 7y  at the turning point, x = 1, 

c )1(417 2  

2c  

The equation of the curve is 

242  xxy . 

 

 (b) 242  xxy  

42  x
dx

dy
 

2
2

2


dx

yd
 

 

03)1(
2

2
2  y

dx

dy
x

dx

yd
x  

0324)42)(1()2( 22  xxxxx  

        0544222 222  xxxxx  

                                   0165 2  xx  

                                     0115  xx  

   
5

1
x  or –1 

 

12  (a) xx
dx

dy
43 2   

     dxxxy   43 2
 

   cxxy  23 2  

The curve passes through the point  

(–1, –2), thus x = –1 and y = –2. 

c 23 )1(2)1(2  

c 212  

   1c  

Hence, the equation of the curve is 

12 23  xxy . 

 

(b) 12 23  xxy  

xx
dx

dy
43 2   

46
2

2

 x
dx

yd
 

 

At the turning points, 

         0
dx

dy
 

043 2  xx  

0)43( xx  
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0x  or 
3

4
x  

 

At the turning point, x = 0, 

1)0(20 23 y = 1 

Hence, (0, 1) is a turning point. 

24)0(6
2

2


dx

yd
(Negative) 

Hence, (0, 1) is a maximum point. 

 

At the turning point, x =
3

4
.  

27

5
1

3

4
2

3

4
23


















y  

Hence, 









27

5
,

3

4
is a turning point. 

44
3

4
6

2

2











dx

yd
(Positive) 

Hence, 









27

5
,

3

4
 is a minimum 

point. 

 

13 (a)  
7

2

2

7
)()( dxxhdxxh  

4  
 

(b) 6)(2
7

2

7

2
  dxpdxxh  

2(4) –   6
7
2 xp  

  6)27(8  p  

          658  p  

             25  p  

                  
5

2
p  

 

14  (a) 
26 xxy   

At the turning point where x = 2,   

y = 82)2(6 2   

x
dx

dy
26 = 2)2(26   

Hence, the equation of the tangent is 

)2(28  xy  

428  xy  

 42  xy  

 

 (b) At the turning point, 0x , 4y  

At the turning point, 6x , 

164)6(2 y  

Area of the shaded region 

= (Area of the trapezium from x = 0 to 

x = 6) – (Area under the curve from 

x = 0 to x = 6) 

=     
6

0

26)6(164
2

1
dxxx  

= 

6

0

3
2

3
360














x
x  














3

6
)6(360

3
2  

 60  72108   

3660  

24  units
2
 

 

15 (a) At the x-axis, y = 0 

          3)2(27  xy  

          3)2(270  x  

27)2( 3 x  

     32 x  

   5x  

Thus, P is point (5, 0). 

 

(b) Area of the shaded region 

   dxx 
5

0

3)2(27  

= 

5

0

4

)1(4

)2(
27











 


x
x  

= 
 



























 


4

2
)0(27

4

3
)5(27

44

 











4

16

4

459
 

= 
4

475
 units

2
 

 

 

16   xy 2   … (1) 

26 xxy     … (2) 

 

Substitute (1) into (2) : 

               262 xxx   

0262  xxx  

        042  xx  

       0)4( xx  

0x  or 4 

 

At the turning point, x = 0, y = 0 

At the turning point, x = 4, y = 2(4) = 8 
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Thus, the points of intersection between 

the straight line xy 2  and the curve 

26 xxy   are (0, 0) and (4, 8). 

Area of the shaded region B 

= (Area of triangle from x = 0 to x = 4) + 

(Area under of curve from x = 4 to x = 

6) 

= 







 84

2

1
 +   

6

4

26 dxxx  

= 

6

4

3
2

3
316














x
x  

= 





























3

4
)4(3

3

6
)6(316

3
2

3
2  











3

80
3616  

3

28
16  

3

76
  units

2
 

 

Area under of curve from x = 0 to x = 6 

=   
6

0

26 dxxx  

= 

6

0

3
2

3
3














x
x  

0
3

6
)6(3

3
2   

36  units
2
 

 

Area of the shaded region A 

= 
3

76
36  

= 
3

32
 units

2
 

 

Area of shaded region A : Area of shaded 

region B 

=
B

A

region  of Area

region  of Area
 

 

3

76
3

32

  

= 
19

8
 

= 8 : 19 [Shown] 

 

17 (a) Area of region A 

= 
2

1
dxy  

= 
2

1 2

8
dx

x
 

= 


2

1

28 dxx  

2

1

1

1

8
















x
 

2

1

8










x
 








 


1

8

2

8
 

84  

= 4 units
2
 

 

(b)   Area of region B = Area of region C 




p
dxx

2

28 = 


5
28

p
dxx  

       

5

2

88

p

p

xx 
















  




















pp

8

5

8

2

88
 

       
pp

8

5

8
4

8
  

              
5

2816


p
 

              16
28

5
p  

              
7

6
2p  

 

18 (a) 
2)1(  xy = 122  xx  

22  x
dx

dy
 

At the point P(3, 4), 

42)3(2 
dx

dy
m  

Equation of the tangent is 

)3(44  xy  

1244  xy  

84  xy  

 

At point Q (x-axis), 

  84  xy  

  840  x  

84 x  

  2x  

Thus, Q is point (2, 0). 
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(b)   Area of the shaded region 

= (Area under the curve from x = 1 to x 

= 3) – (Area of triangle from x = 2 to 

x = 3) 

= 







 41

2

1
)1(

3

1

2 dxx  

2
)1(3

)1(
3

1

3












 


x
 

20
3

23

  

= 
3

2
 unit

2
 

 

19 (a) cxxy  33
 

33 2  x
dx

dy
 

At the minimum point P,  

      0
dx

dy
 

033 2 x  

     33 2 x  

       12 x  

  1x  

 

Thus, P is point (1, 0). 

 

Substitute x = 1 and y =0 into 

cxxy  33 . 

c )1(310 3  

2c  

 

 (b)   Area of the shaded region 

  dxxx 
1

0

3 23  

1

0

24

2
2

3

4 










 x

xx
 

02
2

3

4

1
  

4

3
  unit

2
 

 

20  5 xy           … (1) 

522  xxy  … (2) 

Substitute (2) into (1) : 

5522  xxx  

       02  xx  

      0)1( xx  

0x  or 1x  

 

The straight line 5 xy  intersects the 

x-axis at (5, 0). 

 

At the turning point, x = 0, 550 y  

At the turning point, 1x , 

451 y  

Thus, the points of intersection between 

the curve and the straight line are (0, 5) 

and (1, 4). 

 

Area of the shaded region 

= (Area under the curve from x = 0 to x = 

1) + (Area of triangle from x = 1 to x = 

5) 

=   dxxx 
1

0

2 52  + 4)15(
2

1
  

= 

1

0

2
3

5
3 











 xx

x
+ 8 

851
3

1









  

= 
3

37
 units

2
 

 

21      x = 3            … (1) 

)1(42  xy  … (2) 

 

Substitute (1) into (2) : 

16)13(42 y  

4y  

Thus, B is point (3, 4) and A is point (0, 

4). 

 

)1(42  xy  

At the y-axis, x = 0. 

)10(42 y  

  2y  

Thus, the curve intersects the y-axis at  (0, 

2). 

 

Area of the shaded region 

= 
4

2
dyx  

=  














4

2

2

1
4

dy
y

 

4

2

3

12 










 y

y
 














 2

12

2
4

12

4 33

 

)1(42  xy  

1
4

2

 x
y

 

1
4

2


y

x  
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= 









3

4

3

4
 

= 
3

8
 units

2
 

 

22  (a) Point (k, 3) lies on the straight line 

xy  5 . 

Thus, k 53 2 k . 

 

(b) The straight line xy  5  intersects 

the y-axis at (0, 5). 

 

The curve )5)(1(  xxy  intersects 

the x-axis (1, 0) and (5, 0). 

 

Area of the shaded region 

= (Area of trapezium from x = 0 to x = 

2) – Area under the curve from x = 1 

to x = 2)  

=   
2

1
)2(35

2

1
dxy  

=  
2

1
)5)(1(8 dxxx  

=   
2

1

2 568 dxxx  

2

1

2
3

53
3

8











 xx

x
 




















 53

3

1
)2(5)2(3

3

2
8 2

3

 

 



















3

7

3

2
8  

3

19
  units

2
 

 

23   Area of the shaded region 

=      
2

2

22 1272 dxxxxx  

=   
2

2

2 82 dxx  

2

2

3

8
3

2













 x

x
 




















 )2(8)2(

3

2
)2(8

3

)2(2 3
3

 











3

32

3

32
 

= 
3

1
21  units

2
 

 

 

24  xxxxy 2)2( 2   

   234222 442 xxxxxy   

 

 

Generated volume 

dxy
3

0

2  

  dxxxx 
3

0

234 44  

3

0

345

3

4

4

4

5 














xxx
  

3

0

3
4

5

3

4

5 












x
x

x
  














 0363

5

3 4
5

  









 3681

5

243
  


5

18
  units

3
 

 

25   Generated volume 

dyx
1

2

2  

  dyy 
1

2

22 4  

  dyyy 
1

2

24 168  

1

2

35

16
3

8

5












 y

yy
  

  















 328

3

8

5

32
16

3

8

5

1
  

= 

















15

896

15

283
  

= 
5

393
 units

3
 

 

26  Generated volume 

dyx
5

2

2  

 dyy 
5

2

225  

5

2

3

3
25














y
y  
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 





























3

2
)2(25

3

5
525

33

  



















3

8
50

3

125
125  











3

142

3

250
  

= 36  units
3
 

 

27  (a) Generated volume 


4

0

2 dyx  

 
4

0
)4( dyy  

= 

4

0

2

2
4














y
y  

=  0816   

8  units
3
 

 

(b)  The curve intersects the x-axis at the 

points (–2, 0) and (2, 0). 

 

Generated volume 


2

0

22 dxy  

  
2

0

2242 dxx  

  
2

0

428162 dxxx  

2

0

53

53

8
162














xx
x  














 0

5

2

3

)2(8
)2(162

53

  









 0

5

32

3

64
322  


15

512
  units

3
 

 

28 (a) The curve intersects the x-axis at 

(2, 0) and the y-axis at the point (0, 5). 

 

Generated volume 


4

0

2 dxy  





4

0

2

4

16
dx

x
  

 dxx 
4

0

216
4

1
  

4

0

3

3
16

4

1














x
x  












 0

3

4
)4(16

4

1 3

  











3

128

4

1
  


3

32
  units

2
 

 

(b)  Generated volume 


4

0

2 dyx  

  
2

0

2416 dyy  

2

0

3

3

4
16














y
y  











3

32
32  


3

64
  units

3
 

 

29     13  xy  

 192  xy  

At the x-axis, y = 0 

 1902  x  

  1x  

 

Generated volume = 
2

9
units

3
 

     
2

9

1

2 
k

dxy  

    
2

9
)1(9

1


k
dxx  

      
2

1
)1(

1


k
dxx  

     

k

x
x

1

2

2 










 = 

2

1
 

2

1
1

2

1

2

2









 k

k
 

        
2

1

2

1

2

2

 k
k

 

             0
2

2

 k
k

 

            022  kk  

           0)2( kk  

                      2k  
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30   Generated volume = 2  

            
k

dyx
3

2 2  

         
k

dyy
3

)3( 2  

        23
2

3

2

















k

y
y

 

29
2

9
3

2

2









 k

k
 

  418962  kk  

          0562  kk  

          0)5(1  kk  

     5k  or 1k  

5k  is not accepted. 

1k  

 

31 (a)           xy 3    … (1) 

167 22  yx  … (2) 

 

Substitute (1) into (2) : 

167)3( 22  yy  

          1616 2 y  

             12 y  

1y  

 

1y  is not accepted. 

1y  

From (1) : 

3)1(3  xx  

Thus, A is point (3, 1). 

 

167 22  yx  

At the x-axis, y = 0. 

16)0(7 22 x  

               4x  

Thus, B is point (4, 0). 

 

(b) 167 22  yx  

 
7

16 2
2 x

y


  

 

       Generated volume 

= (Volume of cone generated by the 

straight line from x = 0 to x = 3) + 

Volume generated by the curve from x 

= 3 to x = 4)  

= 
4

3

22

3

1
dxyhr   

=  











 


4

3

2

7

16
)3)(1(

3

1
dx

x
  

4

3

3

3
16

7

1














x
x  

= 

















3

27
48

3

64
)4(16

7

1
  

  

















3

27
48

3

64
)4(16

7

1
  

 









3

11

7

1
 


21

32
  units

3
 

 

32  

 
 

Smart Strategy 

The volume of the rugby ball is given 

by the generated volume when the 

shaded region is rotated through 360
o
 

about the x-axis. 

 

HOT TIPS 

1
25144

22


yx

 is the equation of an 

ellipse. 

 

1
25144

22


yx

 

          
144

1
25

22 xy
  

            















144
125

2
2 x

y  

Volume of the rugby ball 

= Generated volume 

= dxy212

12  

= dx
x














 144

125
2

12

12
  

= 

12

12

3

432
25

















x
x  
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= 


























 


432

)12(
12

432

12
1225

33

  

 )8(825    

= 400 units
3
 

= 142.3400  

= 1 256.8 units
3
 

 

Hence, the volume of the rugby ball is  

1 256.8 cm
3
. 

 

 

SPM Spot 

 

1 3)12(  x
dx

dy
 

dxxy   3)12(  

c
x

y 



)2(4

)12( 4

 

c
x

y 



8

)12( 4

 

The curve passes through the point 









3,

2

1
. 

8

1
2

1
2

3

4


















  + c 

c 23  

 

   5c  

Hence, the equation of the curve is 

5
8

)12( 4





x

y . 

 

2 (a) (i) 1662  xxy  … (1) 

26 xxy   … (2) 

Substitute (1) into (2) : 

    22 6166 xxxx   

016122 2  xx  

 0862  xx  

 0)4)(2(  xx  

2x  or 4x  

From (2): 

When x = 2, 82)2(6 2 y  

When x = 4, y = 84)4(6 2   

Hence, A is point (2, 8) and B is 

point (4, 8). 

 

(ii) Area bounded by the two curves 

=     dxxxdxxx  
4

2

2
4

2

2 1666  

=   dxxxxx 
4

2

22 1666  

=   dxxx 
4

2

2 16212  

4

2

3
2 16

3

2
6














 x

x
x  

= )4(16)4(
3

2
)4(6 32 









 )2(16)2(

3

2
)2(6 32

 

= 









3

1
13

3

2
10  

= 
3

2
2  units

2
 

(b)                        Generated volume = 
2

1
42   


k

dxy
3

2  – Volume of cone = 
2

1
42  

        
k

dxx
3

)6(  – 
2

85

3

1 2 hr  

       

k

x
x

3

2

6
2 













  – 

2

85
)3()3(

3

1 2 k  

       
2

85
9318

2

9
6

2

2









 kk

k
 

      0563
2

2

 k
k

 

     011262  kk  

0)14)(8(  kk  

8k  or 14k  

14k  is not accepted. 

8k  

 

3 (a) 92  xy  

9 xy  

 2

1

9 xy  

)1()9(
2

1
2

1




x
dx

dy
 

       = 
92

1




x
 

 

When x = 5, 
4

1

952

1





dx

dy
 



27 

© EPH Publishing (M) Sdn. Bhd. (199801017497) 2025                     Success Plus Additional Mathematics SPM 

 

Thus, the gradient of the tangent = 

4

1
  

Equation of the tangent is 
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Thus, k = 2 


