Form 4 Chapter 9

Solution of Triangles
Fully-Worked Solutions

UPSKILL 9.1a |

AC 13

sin 40°  sin 33°

AC = xsin 40°

sin 33°
AC=15.34 cm

85°

45°

12 cm

@) BC _ 12

sin 40°  sin 85°

BC = xsin 45°

sin 85°
BC =8.518 cm

(b) ZACB=180° —45° —85° = 50°
AB 12

sin 50°  sin 85°

AB = xsin 50°
sin 85°
AB=9.228 cm
3
A
6 cm
30°
B 10 cm C
sin ZBAC _ sin 30°
10 6
H (0]
sin zBAC = 3130 19

sin /BAC = 0.83333
/BAC =56.44°
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78°

8 cm

12 cm

sin ZABC _ sin 78°
8 12

sin 78°
12

sin ZABC = 0.6521

Z/ABC =40.70°

sin ZABC = x8

5 /PQR=180°-66°-72°= 42°
PQ 7
sin 72°  sin 66°

PQ= ! xsin 72°
sin 66°
PQ=7.287 cm

PR 7

sin 42°  sin 66°

PR = xsin 42°

sin 66°
PR=5.127 cm

6 <RPQ=180°-42°-100° =38°
PR 5

sin 100°  sin 42°

PR = xsin 100°
sin 42°

PR=7.359 cm

QR 5

sin 38°  sin 42°
QR=

sin 42°
QR = 4.600 cm

xsin 38°
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o sin ZABC _sin 65°

9

12 14

sin 65°

sin ZABC = x12

sin ZABC = 0.77684
/ABC =50.97°

/ACB=180° —65° —50.97° = 64.03°

AB 14

sin 64.03°  sin 65°

AB = xsin 64.03°

sin 65°
AB=13.89 cm

sin Z/BAC _ sin 35°

2 8

sin 35°

sin ZBAC = x2

sin Z/BAC = 0.14339
/BAC = 8.24°

~/ACB=180°-8.24° —35° = 136.76°

AB 8

sin 136.76°  sin 35°

AB = xsin 136.76°

sin 35°
AB=9.555 cm

sin ZPRQ _ sin19°

13 5

H (o]
sin19 <13

sin ZPRQ =
Basic £ =57.83
Z/PRQ =180° -57.83°
/PRQ = 122.17°

10 (a) In AACD,
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ZADC =180° —70° —60° = 50°
AC 20

sin 50°  sin 60°

AC = xsin 50°

sin 60°
AC=17.69 cm

(b) In AABC,
sin Z/ABC  sin 120°
1769 19
sin 120°

sin ZABC = x17.69

sin ZABC =0.80632
/ABC =53.74°

11 (a) In APQR,

PQ 14
sin 60°  sin 50°
PQ= 14 xsin 60°
sin 50°
PQ=15.83 cm
(b) In APRS,
sin ZRSP _ sin120°
14 20
H 0
sin ~Rsp = SN 120" 14

sin ZRSP = 0.60622
/RSP =37.32°

UPSKILL 9.1b

1 (a) Not ambiguous
(b) Ambiguous

2(a)
Q;
Q, 10cm
R 10 cm
R a P
14 cm
sin £Q  sin 40°
(b) =
14 10
H (0]
sin £Q=340" 14
10
Basic £ = 64.15°
/PQR = 64.15°

/PQ,R =180° —64.15° =115.85°

In APQR,
Z/RPQ; =180° —40° —64.15°
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=75.85°
RQ; 10

sin 75.85°  sin 40°

RQ, = — 0 «sin 75.85°
sin 40°

RQ; =15.09 cm

In APQ,R,
/RPQ, =180° —40° -115.85°

=24.15°
RQ, 10

sin 24.15°  sin 40°

RQ, = 10 xsin 24.15°
sin 40°

RQ, =6.365 cm

3(a)

IES

Ay

38°
B 8cm o

6 cm

sin ZA _sin 38°
8 6
sin 38°

(b)

sin ZA= x8

sin ZA =0.82088
Basic ~ = 55.17°
/BAC =55.17°
Z/BA,C =124.83°

In ABAC ,
ZBCA =180° —38° —55.17°

—86.83°
BA, 6

sin 86.83°  sin 38°

BA, = — O xsin 86.83°
sin 38°
BA, = 9.731 cm
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In ABA2C ,
/BCA, =180° —38° —124.83°

=17.17°
BA, 6

sin 17.17°  sin 38°
BA, = 2.877 cm

sin ZABC _sin 35°
12 8

sin 35°

4 (a)

sin ZABC = x12

sin ZABC = 0.86036
Basic £ = 59.36°
ZAB,C =180° —29.36°

=120.64°
(b)

A

)
95

12 cm

| 8cm

B, 8cm
(c) Acute angle AB,C = 59.36°

@ 4

35

12 cm

B, C

B;C
12
B;C =6.883 cm

sin 35° =
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UPSKILL 9.1c

1 (a) ZBCD =180° —65° —80° =35°
In ABCD,
BD 11

sin 35°  sin 65°

BD = xsin 35°

sin 65°
BD =6.962 cm

(b) In AABD,

sin ZDAB _ sin 115°
6962 9

sin 115°

sin ZDAB = x 6.962

ZDAB = 44.51°

UPSKILL 9.2

1 PR? =122 +15% —2(12) (15) cos 53°

PR? =152.3466
PR=12.34 cm

sin ZRPQ _ sin 53°

12 12.34
sin ZRPQ = 0.77663
Z/RPQ = 50.95°

Z/PRQ =180° —-53° —50.95° =76.05°

2 XY2=9%+6%—2(9)(6) kos140°

XY?2 =199.7328
XY =14.13 cm

sin ZYXZ  sin 140°

6 1413
sin LYXZ =0.27295
/YXZ =15.84°

ZXYZ =180° —140° —15.84° = 24.16°
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3 102 =152 +182 — 2(15) (18) cos ZLKM
152 +182 —102

cos ZLKM =
2(15)(18)
cos ZLKM = 0.83148
ZLKM =33.75°

sin ZLMK _sin 33.75°

15 10
H 0
sin ZLMK = SN 3375 15
10
/LMK =56.44°

/KLM =180° —33.75° —56.44°
=89.81°

4 147 =11% +8* —2(11)(8) cos ZPQR
112 +8%2-142
2(12)(8)
cos ZPQR =-0.0625
Z/PQR =93.58°

cos ZPQR =

sin ZQPR _ sin 93.58
8 14
sin ZQPR =0.5703

ZQPR=34.77°

Z/PRQ =180° —93.58° —34.77°
/PRQ =51.65°

5(a) In AABP,
Z/ABP =180° -38° -78° =64°
BP 5
sin 38°  sin 64°
BP =3.4249 cm
(b) In ACBP,

~/CBP =180° —64° =116°

CP? =72 +3.4249% — 2(7)(3.4249) cos 116°

CP=9.0415 cm
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6 (a) In AABD ,
62 =102 + 72 —2(10)(7) cos ZABD
102 +72 62
2(10)(7)
ZABD =36.18°

cos ZABD =

(b) In ADBP ,

~DBP =180° —36.18° =143.82°
sin Z/DPB _ sin143.82

7 16
sin ZDPB = 0.25827

/DPB =14.97°

UPSKILL 9.3

1 Area of AABC = %x9x11xsin 43°
=33.76 cm?

2 /ABC =180° —48° —24°
=108°

Area of AABC = %lexstin 108°
=45.65 cm?

3 (a) 32 =22 +42 —2(2)(4) cos ZBAC

2244232
2(2)(4)

cos ZBAC =0.6875

/BAC =46.57°

cos ZBAC =

(b) Area of AABC
:%x2x4><sin 46.57°
=2.905 cm?

_4+6+9

2
Area of AABC

=/9.5(9.5-4)(9.5-6)(9.5-9)
=./9.5(5.5)(3.5)(0.5)
=./91.4375

=9.562 cm’

4 s 9.5
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5 Areaof AABC =20 cm?
%x?xlesin 0=20

sin @ = 0.57143
6 =34.85°

6 Area of AABC =43 cm?
%x8x13xsin /BAC =43
sin Z/BAC =0.8269

Basic ~ =55.78°
/BAC =124.22°

UPSKILL 9.4
1(a) In APQS,
QS? =182 +16° —2(18)(16) cos 43°

QS? =1587403
QS =12.599 cm

(b) In ASQR,
sin ZSQR _ sin 20°
20 12.599
sin 20°
X
12.599
sin ZSQR =0.5429

Basic ~ =32.88°
Z/SQR =180° —32.88°
=147.12°

sin ZSQR =

(c) In AQSR,
ZQSR =180° —20° —-147.12°

=12.88°
Area of the whole diagram

= %(18)(16)sin 43° 4+ %(12.599)(20)sin 12.88°

=08.21+28.08
=126.29 cm?
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2 (a) In APQS,

sin Z/PSQ _ sin 35°
8 7

sin 35°

sin ZPSQ =

x 8
sin ZPSQ = 0.65552
Z/PSQ =40.96°

Z/PQS =180° —40.96° —35°
=104.04°

Area of APQS

= %><8><7><Sin 104.04°
=27.16 cm?

(b)

sin £S _ sin 43°
10 7

H 0
sin /S = sin 43

x10
sin £S =0.97428

/S = 76.98° or 103.02°
Thus, ZRS;Q =103.02°

ZRQS; =180° —43° —-103.02°
=33.98°

RS; 7

sin 33.98°  sin 43°

RS; = 7 sin 33.98°
sin 43°

RS; =5.737 ¢m
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3(a) AE=+62+3% =/45 cm
BE=\/82+32 =\/7—3 cm

AB=DC =10
E
(35 om V73 cm
A 10 cm

10% = 45+ 73— 2/45/73 cos ZAEB

cos /AEB — 45+73-100

24573
cos ZAEB=0.15703

/AEB=80.97°
(b) Area of AAEB

= %xﬁx\/ﬁsin 80.97°
=28.30 cm?

4 TV =+32+52 = /34
UV =v32+4%2 -5

TU =+5° +4% =41

T v41 cm U
J3&cm 5 om
v

(a) 52 =34+41-2:/34/41 cos LUTV

cos ZUTV = 34+41-25

23441
cos ZUTV = 0.66959

ZUTV =47.96°

(b) Area of AUTV

= %@mein 47.96°
=13.86 cm?
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Summative Practice 9

1(a) Area of ADBC =29 cm?
%xleOxSin /DCB = 29
sin ZDCB = 0.96667
Basic ~ = 75.16°

~/DCB =180° —75.16°
/DCB =104.84° (obtuse)

2 _42 .02 _
KB - 4 +28 82 , (b) BD? =62 +10° —2(6)(10) cos104.84°
MB? = KB? + MK? =80+12 )

BD? =166.73448
MB =+/224 cm BD =12.91 cm
chi(lz)zs em (c) In AABD,

, 4 , , sin ZA _ sin 45°
NB :\/N_C +BC“=9+64=73 12.91 9.5
NB=+/73 cm in 45°

sin LA=N% 1501
9.5
MH?2 =42 +82-80 sin /A = 0.96092
_ 0 uadrant |
HN :3(12)=9 cm LA=T3.93 @
4 . /DAB = 73.93°
2 2 2 2
MN“ =MH*+HN“ =80+9“ =161 and ZDA'B =180° —73.93°¢—

MN =161 cm ~106.07 °

Thus, ZABD =180° - 45° — /DAB
=180° —45° —73.93°
=61.07°

Thus,

ZA'BD =180° —45° — /DA'B
=180° —45° —106.07°
=28.93°

73=224+161-2~224+/161 cos ZMBN
224+161-73

2~+/2244161

cos /MBN = 0.821462
/MBN =34.77°

cos ZMBN =

Area of AMNB

= %x V224 x /161 xsin 34.77°
=54.15 cm?
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2(a) (i) In AABC,
BC? =162 + 72 —2(16)(7) cos 55°
=176.5189
BC =+/176.5189 =13.29 cm

(ii) In ACBD,
sin /CBD _ sin115°
5 13.29
H (0]
sin ~cBD = N5 o
13.29
sin ZCBD = 0.34097
/CBD =19.94°
(b) (i)
5cm
D
Cl
B
(i) In ABCD,

/BCD =180° —115° —19.94° = 45.06

In ADCC',
/DC'C = /DCC' = 45.06°
- Z/DC'B =180° —45.06° =134.94°

In AC'DB,

BD 5
sin134.94°  sin19.94°
5x sin 134.94°

sin 19.94°
BD =10.38 cm

BD =

.. Area of ABC'D

_ 1551038 sin 25.12°

2
=11.02 cm? T

ZC'DB =180° —19.94° —134.94° = 25.12° ]
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() (i) In ARST,
RT 2 =242 +20° — 2(24)(20) kos 65°

RT % =570.2865
RT =23.88 cm

(i) ZSUP =180° —45° —65° = 70°

In APSU ,
SU 57

sin 70°

sin 45°

SU xsin 45°

~ sin 70°
SU =42.89 cm

.. TU =42.89-20=22.89 cm
(b) Areaof APVQ

= %x Area of ARST

_ L[ 24%20xsin 65°
272

=108.7569 cm?

Hence, %xz =108.7569

x? =217.5139
X =14.75
PV =14.75 cm
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4 (a In AEHN,

NH2 =82 +72 —2(8)(7) cos 67°
NH ? = 69.2381
NH =8.321 cm

(b) In AEHN,
sin ZENH _ sin 67°
7 8.321

sin 67°

8.321
sin ZENH =0.7744

ZENH =50.75°

sin ZENH =

x 7

In AHGN,

NG? =32 +8.321% — 2(3) (8.321) cos 50.759
NG 2 = 46.6506

NG =6.830 cm
(c) In AHGN,
sin Z/NGH _ sin 50.75°

8.321 6.830
sin Z/NGH =0.9434

Basic ~ =70.64°
/NGH =180° —70.64°

=109.36° (obtuse)
(d) Area of AHGN

=%><3x8.321><sin 50.75°
=9.666 cm?

5 (a) (i) In AABC,
BC

7
sin 35°  sin 40°
BC = — x sin 35°
sin 40°
=6.246 cm

(i) ZECD= ZACB
=180° — 35° — 40°

=105°
In AECD,

DE? =112 + 42 — 2(11)(4) cos 105°
DE =12.64 cm

(b) (i)

7 cm

(i) ZAC'B=~ACC'

=180° —105°
=75°
(i) ~2_— T
sin 65°  sin 40°
C'B=— xsin 65°
sin 40°
=98698 cm

Area of AAC' B

_ % «7%9.8698xsin 75°
=33.37 cm?
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6 (a) (i) In APQR,

sin ZPRQ _ sin 80.94°

9 10
sin ZPRQ =0.88877

Z/PRQ =62.72°
(i) £TQR =180° — LTRQ - £ZQTR

=180° — 62.72° — 62.72°
=54.56°
In AQRT,

TR? =62 +62 —2(6)(6) cos 54.56°
TR? =30.25079
TR =5.50 cm

(iii) £PQT =80.94° — ZTQR
=80.94° —54.56°
= 26.38°

Area of APQT

%x 9x 6 xsin 26.38°
=12.00 cm?

(b) ZSQR = /TQR =54.56°
. ZPQS =80.94° +54.56° =135.5°

Q
6 cm
I\ s
0
9cm
p T
10 cm R
In APQS,

PS? =92 +62 —2(9)(6) cos 135.5°
PS?2 =194.0310
PS =13.93 cm

10
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7 (a) (i) Area of AABC =112 cm?

%Xle BC xsin 34° =112
BC =22.25 cm

(i) AC? =182 +22.25% —2(18)(22.25) cos 34°
AC =12.45 cm

(i) sin ZACB _ sin 34°
18 12.45
/ACB=53.95°

(b) (i)

(ii) Area of AABC'

:%x18><12.45><sin 19.95°
=38.23 cm?

Success Plus Additional Mathematics SPM



8 (@) (i) In APQR,

10° =82 +14° — 2(8)(14) cos LQPR

2 2 102
cos AQPRzu

2(8)(14)
ZQPR =44.42°
(ii) In APSR,
PS 14
sin 44.42°  sin 110°
PS=— xsin 44.42°
sin 110°
PS=10.43 cm

8cm Q &
In APQR,
sin ZPQR _ sin 44.42°
14 10

; 0
sin /PQR _Sin 44.42°
10
Basic ~ =78.49°

/PQR =180° — 78.49°
=101.51° (obtuse)

14

(i) ZQRQ'=180° —78.49° —78.49°
=23.02°
Area of AQQ'R
= % x10x10xsin 23.02°
=19.55 cm?

11
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9 (a) (i) In AABC,
BC 11.6

sin 101°  sin 34°
116

sin 34°

BC =20.36 cm

xsin 101°

(ii) In ABED ,

BD? =172 +9.2% — 2(17)(9.2) cos 140°
BD? = 613.2587

BD =24.76 cm

..CD=BD-BC
=24.76-20.36
=4.40 cm

(iii) ZACB =180° —34° —101°
=45°
Area of AABC

= %(11.6)(20.36)sin 45°
=83.50 cm?

(b) (i)

A I

45°

B C

(i) «B'A'C'=101° -90° =11°
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10 (a) (i) £SPQ=180° —78° —32° =70°
In APSQ,
Qs 16
sin70°  sin 32°
QS =28.37 cm

(ii) In ASRQ,

28.37% =122 +18° — 2(12)(18) cos ZQRS
2 2 2
cos QRS _ 12 +18 ~2837

2(12)(18)
cos ZQRS =—0.7798

Z/QRS =141.24°

(iii) Area of PQRS
= Area of APSQ + Area of ASRQ
- % «16x 28.37 x sin 78° +

%x12x18>< sin 141.24

=289.61 cm?

(b) (i)

(i) £S'R'Q' = £S'RR’

=180° -141.24°
=38.76°

11 (a) (i) In AABC,

AC? =162 +14% — 2(16)(14) cos 80°
AC? =374.2056
AC =19.34 cm

(i)

Z/ADC =180° — Z/ABC

=180° -80°
=100°
In AACD,
sin ZCAD _ sin 100°
6  19.34
sin ZCAD =0.30552
ZCAD =17.79°

. ZACD =180° -17.79° —100°
=62.21°

(b) (i) Area of AABC

:%x16><14><sin 80°
=110.30 cm?

(i) Area of AABC =11030 cm?

%x AC x BE =110.30
%x19.34>< BE ~110.30

BE =11.41 cm
Hence, the shortest distance from B

12

to ACis 11.41 cm.
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12 (a) (i) BC? =72 +122 —2(7)(12) cos 115°
BC? =264.0

BC =+264 cm

BC =16.25 cm

(i) AB=v52+72 =74 cm

AC=13cm
A
V74 cm 13 cm
B
V264 cm ¢

264 =74+13% —2/74 x13 cos /BAC

2
cos Z/BAC = M
274 (13)

/BAC = 95.39°

(iii) Area of ABAC
= %\/ﬁ (13) sin 95.39°
= 55.67 cm?

sin ZT _ sin 30°

b =
(b) 16.25 9
sin 30°

x16.25

sin ZT =
sin ZT =0.9028
/T =64.53° or 115.47°

1 () (i) In AAQB,

AB =122 +92 = /225 =15 cm

In AMPA, MA? =62 +92 =117

In AVMA, VA=+122 +117
=261 cm

In AVMB, VB =4122 +182

152 = 261+ 468—21/261/468 cos ZAVB

2+/261+468 cos ZAVB =261+ 468—-225

005 /AVE = 261+ 468—225
2261468
cos Z/AVB =0.72104
/AVB = 43.86°

(ii) Area of AVAB
= %\/261\/468 sin 43.86°

=121.1 cm?

sin £S _ sin 40°
18 12
sin ZS = sin 40° X
12
sin S =0.96418
Basic £ =74.62°

(b)

18

ZQS,R =74.62° and
ZQS;R =180° —74.62° =105.38°

>

18cm , 12 cm

/" 105.389 74627\,
g

=+/468 cm
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2 (a) Intriangle JNM, using the cosine rule,
(i) NK? =202 + 242 —2(20)(24) cos 60°

=496
NK =22.2711 cm
=22.27cm
(ii) In triangle NMK, using the sine rule,
NM 222711
sin 40°  sin110°
NM = 222711 Gin 400
sin 110°
=15.2343 cm
=15.23cm
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14

Area of triangle INK
= %(20)(24)sin 60°
=207.85 cm?

Area of triangle NMK
= % (15.2343)(22.2711)sin 30°
=84.82 cm’

Hence, the area of the quadrilateral
JKMN

=207.85 + 84.82

=292.67 cm?

(b)

22.27 cm

ZN'K'M ' =80°
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