Fully-Worked Solutions

192 \d1358 3 Integration

Self Test 1
d 3 1
1 E[(l + 2x)2] =3(1+2x)2

1 3
[30+207dx=3 x%(l +2x)?

1 3
= 2
= 3(1+2)c)

2 f'(x) = %x -5 ©)
f(x) =ax*—bx+3
f/(x)=2ax—b..... @

Compare O with Q),

3(3r-5) = ( ~5v+3)

=4[§x3 +x—%}

_8 _16
= 3x2+4x 5

Self Test 2

d
1 D34y
X

34X
J(3x +4x)dx— 3 + ) +c
y=x+2+c
(=2,4), 4=(=2+2(-2)*+¢
4=-8+8+c
c=4
Ly=X 4227 +4

@ —

2 (a) js 3x—1 dx =j(3x—1) dx

4
_(3x—1)3
T4

30

(3x 1)3+c

+c

-1
4
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(b) j2(6 —507 +4x -3 dx

(6 — 5x)7

5 22(-5) +T—3X+C
_(6-507 40
= 25 + 3 3x+c

1 4x3

“3s6-_swr T 3 oxte

(© jx(s—xz)z dx
Ix(9 —6x2+x") dx
I9x ox’ +x° dx

2—%x“+ éx6+c

2
2

3 D30 9043
dx

[3¢ 20+ 3dr=x -2 +3x+c
f)=x—xX*+3x+c¢
x-intercept=4, (x,y)=(4,0)
£ -4 +34)+c=0
64—-16+12+c=0

c=-60
.'.f(x):f—x2+3x—60

Self Test 3
2 N 1
1 jk(2x+1) de=5
[M}Zzl
D) 5
(5_*‘)_[(2k+1)"} 1
-2 -2 5
L, 1
10 2Qk+1) 5
1 _3
20k +1) " 10
5
2k+1 ==
=3
2
2k =3
1
k=—
3
1
2 (@) y=(x-2)°
Y=x-2
x=y'+2
2
Area=j Y +2dy
1
4 2
_|x
—[4 +2y]1
4 4
=[27+2(2)] [1 +2(1)]
_e 9
R
=== units?
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2

(b) Area = ]x2+ 1 dx

3 (@ y=5-2x.....(D

x+3)(x-1)=0
x==-3, x=1
x==-3, y=5-2(-3)=11
x=1, y=5-2(1)=3
S A(=-3,11),B(1,3)
(b) Area of the shaded region
=J125—2x do-[ P+2dr

(5 2x) — (x> +2) dx

4 (a) Volume = 7 |y*dx

7] (v =4y 2 d)dy

3 — 2
= y——iLl +4y:|
3

A4 o)

2 _2)
24 3

_55 s
—24ﬂ'unlts
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5 Volume = %n’

2
8
T ( x2> dx = 5
8
Lag O
7L'J0p4x dx 57[
e
4151, 5
_p _32
5 5
p’=-32
=(=2)
p=-2

6 (a) P=y-intercept,x=0
y=20)+3=3
- P((0,3)
6-x=2x"+3

2x*+x-3=0

2x+3)(x-1)=0
xz—%’le

x=1,y=6-1=5

- 0(1,5)

(b) Area =Jl(6—x)—(2x2+3)dx
0

(¢) Volume = f (2% +3) dx + nj (6—x)* dx

1l
3
'—.

4x4+ 122 +9dx+ nj (6-x)2dx

”[4_‘ 120 } 7{(6—@’1

5
= 7[[(%(3 125) +4(5%) + 45) - <§(243) +4(3%) + 27)}

—%H(O—l)

=2 715.67Z'+%7L'
=2715.93 runits*

Self Test 4
1 (a) m=4x-5
x=2,m=42)-5=3

Since the two tangents are perpendicular at (2, 3), then

m,=——
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(b) m, xm,=~1
(4x — 5)<ix - 3) =

136 2—12x—23—0x+15——
16x% = 36x —20x + 45 =-3
16x°—56x+48 =0

22 -Tx+6 =0
2x=-3)(x-2) =0

x:%, x=2

.. x-coordinate =

| w

() y,=|4x—-5dx

2
=4%—5x+c
=2x*-5x+c¢
2,3),3=2(4)-52)+c¢
c=5
=2x*-5x+5

v, = ng 3dx

2_3x+c

2
37

(2,3),3= %(2)2 -312)+c

=[x +4dx

=X +4dx+c

1,1, I==1)*+4(-D+c
c=6

Ly=xX+4x+6

Atx==2,y =(-2)’+4(=-2)+6

=-10

=3(-27+4

y+10 =16(x+2)
y=16x+22

Equation of tangent: %

12

3 Volume = j y+3dy
E[L+3y}

7|5+ +3(12)-0

144 }

= 1087run1ts3

SPM Practice

Paper 1
1 y=(5-2x)°
D _35_2x7(2)
dx
=—6(5-2x)* (Shown)
j— 6(5 — 2x)2dx = (5 - 2x)°

L
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i 1
2 @ [Gx-1)2 de=Gx=D?
7(5)

J5x=1+c¢
(1,-3), -3 ——/5(1) 1+c¢

- =i+c
5

19
5
2 19

y=g S5x— 1—?

y=

SIS

d

(i) y=-3x-1=>m=-3

d (=2)?
a
—3——2—4
a_
4_1
a=4
. 4
(i) y —jx—xz dx
=jx—4x'2dx
=x_2+i+c
2 x
_ _2y
(-2,5),5= 2 +(72)+c
5=2-2+c¢
c=5
_x2 4
y_2+x+5
ay _ s
3 i kx
= ﬂ:
x=2, I 16
k2)*=16
8k=16
k=2
y = ijdx
x4
=7+C

X =2,y=12,12=%+c

c=4
4
X
Ly=2-+4
y 2"’
1 9
Whenx=1,y=—+4==
enx=1,y 2+ >

4 @ [fde=10
1
W []2re-[x]ax

jzf(x)dx j %dx

FULLY-WORKED SOLUTIONS



4

(i) jla —4f(x) dx
=—[3-4f) dx
1
=[4f@-3dx
: 4 4
=4[ fo)dx~| 3dx
1 1
=4(10) - [3x]°

=40-[12-3]
=31

4
(iii) j k—f(x)dx =—8
1

j‘:kdx—j‘l‘f(x) dx =8

[ka]' —10 =8
4k—k=2
3k=2
2
k_3
22 3 1
(b) J_l x3+rdx_ <
2
j 27 +rdx =——

e -

4 4
[ §
8+2r——+r = )
3r=-8
1
=3
5 jhf(x)alx+rg(x)dx=20
0 h
(@) ¥
Sx)
k
o t X
6
h 2

(b) jz ¢(x) dx = Area of triangle

1
Ek(6)

= 3k units®

1fx-1 +x(%>(x_1)’%

=)
?'li
=
|
—
~
Il

dx

Il
=
|
—_
+
=

26— 1) + x
2[x-1
_2x-2+x
2/x-1
=M(Shown)
2[x-1
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Iﬂ dx:x x—l

2[x-1
J‘ 9x -6 dngj 3x -2
4/x-1 2 2/x-1
31 3x-2 3
=2 —d.x:—(x,/i)
Zsz 2
9x -6 3
—dx=—(x‘fx—1)
j4/x—1 2
7 y=—2)c+6=4x2
45 +2x-6 =0
2% +x-3=0

2x+3)(x-1)=0

x:—%, x=1

1 1
(a) Areaof shaded region = -[0 6—2xdx— -[0 4x dx
1

6 —2x—4x* dx

0

[6)6 -x- %xS]

1
0

e Aoy
6(1)—1 3(1)] 0

units*

2 3
_ ”[L]4 .\ ,,[L m_—u}
8 |, 4 -3 B
2 3
A - O]
8 12 /],
_ [ 6-4)
—27T+7Z'[0( D )
=27r+%7z
=%7L’umts3

=[P4 +—2
[ +4
X+4+x
/X +4
2
= 2 +4 (Shown)
X+4
Observe that:
2
Iﬂdxzx/x2+4
[ +4
2
Zj‘udx=x/x2+4
/P +4
2
J X +2 dx=% [P +4
[ +4 2
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Thus,
2
3]2 X +2 dx=3[£/x2+4]
X +4 2 =
~fgfe -y
_ 1
=3(/5 305
=322 +5 /5|
3
_ +2
o3 +3f5
b) y=x*—ax'+¢
dy _,2, 4
i 3x +x2

3x2+%=bx2+%
ca=1,b=3
(2,0),0:23-%“

P
2 (a) L(s +x)° dx =320

]

4 4
(S—ZL)—% =320

4
(S—ZQ =324

(5+p)t =129
5+p=6
p=1

(b) %=3x2+ax+b

(1) Stationary point= (1, 0)
dy _
dx_o
3P +a(l)+b =0
3+a+b=0
a+b=-3...0D
3(=3’+a(-3)+b=0
27-3a+b=0

O-O:

4a =24

a=6

b=-3-a
=-3-6
=-9

© EPH Publishing (M) Sdn. Bhd. (199801017497) 2024

(b)

(i) y=]3x+6x -9 dx
=X +3x%-9%x+c¢
(1,0),0=1+3(1)*-9(1) + ¢
0=-5+c¢
c=5
S y=x+3x"-9x+5

c a6 -
s a=1-16)=9

16
y =J9 —7dx
=J9 —16x72dx
16x"

=9X—T+C

=9x+£+c
X
(1,15),15 =9(1)+1T6+c

15=25+c¢
c=-10

.‘.y=9x+&— 10
X
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